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Abstract. The theory of valued difference fields (K, cr, v) depends on how the 
valuation v interacts with the automorphism cr. Two special cases have already 
been worked out - the isometric case, where v(a(x)) = v(x) for all x £ K, has 
been worked out by Luc Belair, Angus Macintyre and Thomas Scanlon [2]; and 
the contractive case, where v(cr(x)) > nv(x) for all n £ N and x £ K x with 
v(x) > 0, has been worked out by Salih Azgin [4|. fn this paper we deal with a 
more general version, called the multiplicative case, where v(a(x)) = p ■ v(x), 
where p (> 0) is interpreted as an element of a real-closed field. We give an 
axiomatization and prove a relative quantifier elimination theorem for such a 
theory. 



1. Introduction 

A valued field is a structure K. — (K, T, k;v,7v), where K is the underlying 
field, r is an ordered abelian group (called the value group), and k is a field; 
v : K — >• r U {oo} is the (surjective) valuation map, with the valuation ring (also 
called the ring of integers) given by 

O k ■= {aeK : v(a) > 0}, 

with a unique maximal ideal given by 

rtiK ■= {a e K : v(a) > 0}; 

and 7r : Ok — > k is a surjective ring morphism. Then tt induces an isomorphism of 
fields 

a + txik ^ ?r(a) : Ok/w-k — > k, 
and we identify the residue field Ok / Wk with k via this isomorphism. Accordingly 
k is called the residue field. When K is clear from the context, we denote Ok and 
v&k by O and m respectively. 

A valued difference field is a valued field K, as above with a distinguished auto- 
morphism (denoted by a) of the base field K, which also satisfies u{Ok) = Ok- It 
then follows that a induces an automorphism of the residue field: 

tv (a) i y tv (a (a)) : k — > k, a £ Ok- 

We denote this automorphism by a; and k equipped with a is called the residue 
difference field of /C. Likewise, a induces an automorphism of the value group as 
well: 

7 i-> (7(7) := v(a(a)), where 7 = v(a). 
We denote this automorphism also by cr, and construe the value group as an ordered 
abelian group equipped with this special automorphism, and we call it the valued 
difference group. 

Depending on how the automorphism interacts with the valuation, we get dif- 
ferent structures and hence different theories. For example, a is called isometric 
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if v(o~(x)) = v(x) for all x £ K; and is called contractive if v(a{x)) > nv(x) for 
all n 6 N, and x € if x with > 0. The existence of model companions of 
both these theories have been worked out in detail pQ, [2], [3J, 0]. There also has 
been a related work recently that needs mention. It is the work on valued ordered 
difference fields and rings by Francoise Point [11]. Note that in this theory the 
valued field itself is ordered, which, at least on the face of it, makes this theory 
quite different from the others mentioned. 

Note that no matter how the automorphism interacts with the valuation, if we 
want any hope of having a model companion of the theory of a valued difference 
field, we better have a model companion of the theory of the valued difference 
group at least. But unfortunately, by Kikyo and Shelah's theorem [5], the theory 
of a structure with the strict order property (e.g., an ordered abelian group) and a 
distinguished automorphism doesn't have a model companion. So we need to put 
some restriction on the automorphism. In the isometric case, a induces the identity 
automorphism on the value group; and so in this case, the value group is only an 
ordered abelian group, whose model companion is the theory of the ordered divisible 
abelian groups (ODAG). However, in the case when the induced automorphism 
is not the identity, the model companion (if it exists) should be able to decide 
how to extend the order between linear difference operators. In particular, for any 
^(7) = S™=o a i <jl (7)j where 6 Z, o„ / and 7 > 0, the model companion 
should be able to decide when £(7) > 0. In the contractive case, it is easily decided 
by the following condition: 

L(j) > a n > 0. 

However, in more general cases, the decision criteria are not so simple. For 
example, it is not known whether the theory of an ordered abelian group T with 
a strictly increasing automorphism (17(7) > 7 for all < 7 <E T) has a model 
companion. So we restrict ourselves to a more specific case, where we impose that 
the induced automorphism a on the value group should satisfy the following axiom 
(scheme): for each ao, . . . , a n € Z and £(7) = J2"=o a i°~ l (l)i 

(V7 > 0(L(7) > 0)) \/ (V 7 > 0(£( 7 ) = 0)) \/ (V 7 > 0(2,(7) < 0)) (Axiom 

It follows that for all a, b G Z + , 

(V7 > 0(aa( 7 ) > 67)) y (V 7 > 0(aa( 7 ) = 67)) \/ (v 7 > 0(aa(j) < 67)), 

which is nothing but cuts with respect to rational multiples. Equivalently, we can 
also represent a as 

(7(7) = p ■ 7 

for all 7 6 r, where p is interpreted as an element of an ordered ring, p > and 
we make sense of the "multiplication" by defining the type of p by Axiom OM. T 
is then understood as an ordered module over that ordered ring. We call such a T 
a multiplicative ordered difference abelian group (henceforth, MOD AG). We will 
show in Section 2 that the theory of such a T has a model companion, the theory of 
multiplicative ordered divisible difference abelian group (henceforth, MOD DAG). 

In this paper we are thus interested in dealing with this more general case. We 
call er multiplicative if a induces the structure of a MOD AG on T via the rule 

v(a(x)) = p.v(x) for all x e K, 
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where p > (as interpreted in an ordered ring). The induced automorphism on the 

value group then satisfies 17(7) = p. 7 for all 7 6 T. p is intended to be interpreted 

5 

as an element of a real-closed field; for example, p — 2, or p — — , or p = v2, or 

o 

p = 7r, or p = 3 + 5 where S is an infinitesimal, etc. 

Three quick points should be noted here. First, we construe a MO DAG T as 
an ordered Z[p, p _1 ]-module, where we think of p ■ 7 as 17(7) and p _1 • 7 as <r -1 (7). 
Clearly, p m • 7 = cr m (7) for all m G Z and all 7 £ T. To be able to extend T 
to a model of MODDAG, we would then want divisibility by "non-zero" linear 
difference operators, which typically look like L = Yli=i a lP + TmL\^iP~ 1 1 with 
a n 7^ 7^ £> m . Any question of solvability of a system L ■ x — b for fceT, can then 
easily be transformed to a question involving only p, by multiplying the equation 
throughout by p m . Thus, (X^ILi a ip l + Szlli bip~ l ) ■ x = b is solvable if and only if 
(Ya—i aip m+l + X)"=i bip m ~ l ) ■ x = p m (b) is solvable. In particular, for all practical 
purposes we can think of T as a Z[p]-module, with the understanding that p has an 
inverse. 

The second point to be noted is that if (7(7) = p ■ 7, then a^ l {^) = p^ 1 -7. In 
particular, if < p < 1, we can shift to er -1 , and instead work with p^ 1 > 1. Thus, 
without loss of generality, we may assume that p > 1. 

And finally, the third point to be noted is that this is a generalization over the 
isometric and the contractive cases. The case p = 1 is precisely the isometric case; 
and the case "p = 00", i.e., when all < 7 G T satisfy for all b € Z + , p ■ 7 > 67, is 
the contractive case. We can have other finite and infinitesimal values for p as well. 

Also one more thing needs mention here about the characteristics of the relevant 
fields. Any automorphism of a field is trivial on the integers. Thus for any n G Z, 
we have tr(n) = n. In particular, this means that for any prime p, if v(p) > 0, then 
v (p) = v(a(p)) = p.v(p), which implies p = 1. Thus the mixed characteristic case 
doesn't arise for p > 1, and the mixed characteristic case for p = 1 has already been 
dealt with in [2]. The equi-characteristic p case even without the automorphism 
is too non-trivial and is not known yet. So we will restrict ourselves only to the 
equi-characteristic zero case in this paper. 



2. Multiplicative Ordered Difference Abelian Group (MOD AG) 

We work in the language of ordered groups with a symbol for an automorphism 
and its inverse £ p .,< = {+, — , 0, <, p-, p^ 1 -}- 

The Hp. ^-theory T p ..< of ordered difference abelian groups can be axiomatized 
by the following axioms: 

(1) Axioms of Abelian Groups in the language {+, -, 0} 

(2) Axioms of Linear Order in the language {<} 

(3) • \fx\fy\fz(x < y => x + z < y + z) 



(4) Axioms mentioning p- and p ■ are endomorphisms, and they are inverses 
of each other - thus making p an automorphism. 

Note that T p ..< is an universal £ p ..< -theory. 
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Unfortunately the theory of ordered abelian groups has the strict order property. 
And hence, by Kikyo and Shelah's theorem [5], we cannot hope to have a model 
companion of the theory of ordered difference abelian groups. 

However, if we restrict ourselves to very specific kind of automorphisms, we do 
actually get model companion. The intended automorphisms are multiplication by 
an element of a real-closed field, for example, p-x — 2x, or p-x — or p-x = 5x, 
where 6 could be an infinite or infinitesimal element. 

The problem, however, is that in general abelian groups such multiplications do 
not make sense. But since integers embed in any abelian group, by imitating what 
we do for real numbers, we can make sense of such multiplications. 

m times 

Note that for an abelian group G, multiplication by N makes sense: mg := g + • • • + g . 
Taking additive inverses, multiplication by Z also makes sense: (—m)g := — (mg). 

If G is torsion-free divisible, multiplication by Q makes sense: — g = := the 

n n 

unique y such that ny — mg. 

We carry this idea forward and define cuts with rational numbers to make sense 
of multiplication by irrationals. And in the process we get multiplication by infinite 
numbers and infinitesimals as well. Unfortunately this idea doesn't quite work and 
so we need a little stronger axiom as we will see below. 

Our intended models are the additive groups of ordered Z[p, p _1 ]-modules. For 
i G N, we denote 

i times 



times 



p l ■ x := f p ■ p ■ . . . ■ p-x and p 1 ■ x :— p 1 • p 1 • . . . • p ■ x. 
As noted in the introduction, for all practical purposes, we can restrict ourselves 
only to ordered Z[p]-modules. There is a natural map $ : Z[p] — > End(G), which 
maps any L := m^p k + m} c -ip k ~ 1 + . . . + rti\p + too (thought of as an element of 
Z[p] with the to^'s coming from Z), to an endomorphism L : G — > G. Such an L 
is called a linear difference operator. And we make sense of this multiplication by 
imposing the following additional condition on p: for each L e Z[p], 

(Vx > (L-x > 0)) \/ (Vx > (L-x = 0)) \J (Vx > {L-x < 0)) (Axiom OM) 

(OM stands for Ordered Module). It immediately follows that for each a, b 6 Z + , 

(Vz > (ap ■ x > bx)j \J (yx > (ap ■ x — bx)j \J (yx > (ap ■ x < bx)j 

which is nothing but cuts with respect to rational multiples (recall that since we 
are considering only order-preserving automorphisms, p > 0). For any p satisfying 
Axiom OM, we also define the order type of p (relative to T) as 

otp r (p) := {L e Z[p] :VxeT (x>0 L-x> 0)}, 

and we say two p and p' are same if they have the same order type. 

Note that Axiom OM is consistent with Axioms 1-4 because any ordered abelian 
group is a model of these axioms with p = 1. Also note that with this axiom Z[p] 

becomes an ordered commutative ring: L\ ^ L2 iff Vx > 01 (Li — L2) ■ x ^ 0). 



Definition 2.1. An ordered difference abelian group is called multiplicative if it 
satisfies Axiom OM. The theory of such structures (called as MOD AG) is axiom- 
atized by Axioms 1-4 and Axiom OM. Note that this theory is also universal. 
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We also denote by MOD AG p the theory MOD AG where the order type of p is 
fixed. 

If there is a non-zero L e Z[p] such that > 0(L ■ x = 0), we say p is algebraic 
(over the integers); otherwise we say p is transcendental. If p is algebraic, there is 
a minimal (degree) polynomial that it satisfies. 

Note that the kernel of 4> need not be trivial. For example, if p ■ x = 2x for all 
x, then p — 2 £ Kcr($). In particular, Ker($) is non-trivial iff p is algebraic. We 
then form the following ring: 

Z[p] := Z{p]/Ker •($). 

Definition 2.2. A difference group G is called divisible (or linear difference closed) 
if for any non-zero L £ Z[p] and b £ G, the system L • x = & has a solution in G. 

Definition 2.3. Let MODDAG be the £ Pj <-theory of non-trivial multiplicative 
ordered divisible difference abelian groups. This theory is axiomatized by the above 
axioms along with 

3x(x ^ 0) 

and the following additional infinite list of axioms: for each L £ %>[p], 

(V 7 £ T(L • 7 = 0)) V (V 7 £ T 35 e F(L ■ S = 7)) , 

i.e., all non-zero linear difference operators are surjective. Thus, MODDAG is an 
VB-theory. Similarly as above, we denote by MODDAG p the theory MODDAG 
where we fix the order type of p. 

We would now like to show that MODDAG is the model companion of MOD AG. 
By abuse of terminology, we would refer to any model of MOD AG (respectively 
MODDAG) also as MOD AG (respectively MODDAG). 

Remark. It might already be clear from the definitions above that for a given 
p, MODDAG p is basically the theory of non-trivial ordered vector spaces over the 
ordered field Q(p) and then quantifier elimination actually follows from well-known 
results. However, here we are doing things a little differently. Instead of proving 
the result for a particular p, we are proving it uniformly across all p using Axiom 
OM. And even though in the completion the type of p is determined and the theory 
actually reduces to the above well-known theory, nevertheless it makes sense to 
write down some of the trivial details just to make sure that nothing fishy happens. 

Lemma 2.4. MOD AG and MODDAG are co-theories. 

Proof. We will actually prove something stronger: for a fixed p, MOD AG p and 
MODDAGp are co-theories. Any model of MODDAGp is trivially a model of 
MOD AG p . So all we need to show is that we can embed any model G of M ODAG p 
into a model of MODDAGp. 

If G is trivial, we can embed it into Q with any given p. So without loss of 
generality we may assume, G is non-trivial. 

Let Z[p] + := {L £ Z[p] : L > 0}. Define an equivalence relation ~ on G x Z[p] + 
as follows: 

( 5 ,L)~ ((?',£') <=^> L'-g = L-g'. 
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Rcflcxivity and symmetry are obvious. For transitivity, suppose 
{g,L)~( g ',L') and (</, L') ~ (g", L"). 

Then, 

L'-g = L-g' and L' ■ g" = L" ■ g' . 

Applying L" to the first equation and L to the second equation, we get L" ■ L' ■ g = 
L" ■ L ■ g' and L ■ V ■ g" — L ■ L" ■ g' . Since these operators commute with each 
other, we can rewrite this as: 

L' ■ L" ■ g = L" -L'-g = L"-L-g' = L- L" ■ g' = L ■ L' ■ g" = L' ■ L ■ g", 

i.e., V ■ (L" g-L- g") = 0. Since V e Z[p] + , i.e., V > 0, we have L" ■ g = L ■ g", 
i.e.,(g,L)~(g",L"). _ 

Let denote the equivalence class of (g,L) and let H = G x l\p] + / ~. 

We define + on H by [(g, L)\ + [(h, P)} = [P ■ g + L ■ h, L ■ P], where by L ■ P we 
mean L o P. 

To show that this is well-defined, let (g, L) ~ (g', L'). Want to show that [(g, L)] + 
[(h, P)] = [(g', L')] + [(h, P)], i.e., [(P-'g + L- h, L ■ P)] = [(P ■ g' + L'-h,L'- P)}. 
In other words, we want to show that 

(P-g + L-h,L-P)^(P-g' + L / -h,L' ■ P). 

But, 

L-(P-(P-g' + L'-h)) = L-P-P-g' + L-P-L'-h = P-P-L-g' + L'-P-L-h 

= P-P-L'-g + L'-P-L-h = L'-P-P-g + L'-P-L-h = L'-{P-{P-g + L- h)). 

Hence, + is well-defined. Similarly, we can define — by 

[(g,L)]-[(h,P)} = [(P-g-L.h,L.P)]. 

This is also well-defined. It follows easily that (H, +, — ) is an abelian group, where 
[(0, 1)] is the identity and [(—g, L)\ is the inverse of [(g, L)]. 

We define an automorphism of H (which we still denote by p-) as follows: let 
p ■ [(g, L)] = \{p ■ g, L)]. It is easy to check that this is well-defined and defines an 
automorphism of H. 

For any non-zero L € Z[p] and any [(h,P)] G H, we have 
L.[(h,P-L)] = [(L.h,P-L)] = [(h,P)}. 
Hence, H is linear difference closed or divisible. 

We extend the order as follows: 

[(g,L)\ < [{g',L')\ L' ■ g < L ■ g' '. 

If g,h £ G with g < h, then [(g, 1)] < [(h, 1)]; so this extends the ordering on G. 
Moreover, for [(ai,Li)] < [(02,^2)] and [(61, Pi)] < [(62,^2)], we have L 2 ■ ai < 
L\ ■ a-i and P2 ■ b\ < Pi ■ 62- Then, 

P 1 -P 2 -L 2 -a 1 +L 1 -L 2 -P2-bi < P 1 -P 2 -L 1 -a 2 + L 1 -L 2 -Pi- b 2 
i.e., L 2 ■ P 2 ■ (Pi • ai + L x ■ h) < L x ■ P 1 ■ (P 2 • a 2 + L 2 ■ b 2 ) 
i.e., [(Pi -oi +Li -6i,Li -Pi)] < [(P 2 -a 2 +L 2 -b 2 ,L 2 -P 2 )} 
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Also, 

[(a, L)] < [(&, P)] ^ P-a<L-b <^ p-P-a < p-L-b P-p-a < L-p-b <^> [(p-a, L)} < [(p-b, P)]. 
Finally, for any LgZ[p], and x > and P G Z[p],, we have 

L-[(x,P)] > [(0,1)] [L-x,P] > [(0,1)] L-zX). 

Hence, is a multiplicative ordered divisible difference abelian group. 

Claim. G embeds into H. 

Proof. Define t : G -> iJ by = [(.g, 1)]. Then 

t (0) - [(0, 1)]; L(g + h) = [(g+h, 1)] = [(.g, l)] + [(ft, 1)]; u(-g) = [(-<?, 1)] = -[(g, 1)]. 

Also, i(p-.g) = [(p- 5 ,l)]=/9-[(5,l)]. 

And, ff < ft 4.9) = [(5, 1)] < [(A, 1)] = <ft). 

Moreover, if H' \= MODI) AG p and j : G H' is an embedding, then let 
ft : _ff — >• H' be given by ft([(g,L)]) = [(j(g), L)]. It is routine to check that h is 
a well-defined embedding, preserves order and j = ft o t. We, thus, call as the 
(multiplicative) divisible hull of G. □ 

We have thus shown that for a fixed p, MOD AG p and MODDAG p are co- 
theories. In fact, since (MODDAG p )v = MODAG p , what we have actually shown 
is that MODDAGp has algebraically prime models, namely the (multiplicative) 
dvisible hull. We will now show that MODDAGp eliminates quantifiers. 

Lemma 2.5. MODDAGp has quantifier elimination. 

Proof. The relevant p's correspond bijectively to the numbers 1, 1 + e, a — e, b, a + 
e, 1/e, where we fix some positive infinitesimal e in an ordered field extension of the 
field K of real numbers, and a ranges over the real algebraic numbers > 1, and b 
over the real numbers > 1. For each such p, we have the ordered field Q(p). The 
construction in Lemma 2.4 essentially shows that MODDAGp is the theory of non- 
trivial ordered vector spaces over the ordered field Q_(p), which admits quantifier 
elimination by well-known standard results, see [12] . □ 

Thus, MODDAGp eliminates quatifiers. In particular, MODDAGp is model 
complete. Moreover, for a fixed p, Q(p) with the induced ordering is a prime model 
of MODDAGp. In particular, MODDAGp is complete. Note that MODDAG 
is not complete; its completions are given by MODDAGp by fixing a (consistent) 
order type of p. Finally we have, 

Theorem 2.6. MODDAG is the model companion of MOD AG. 

Proof. By Lemma 2.4, MOD AG and MODDAG are co-theories. All we need to 
show now is that M ODD AG is model complete. 

So let G C H be two models of MODDAG. Want to show that G <H. 

Since G C H and both are non-trivial, in particular they have the same order 
type of p. Thus, for some fixed p,G,H \= MODDAGp. But MODDAGp is model 
complete. 

Hence, G r< H. □ 
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3. Preliminaries 

Let K, < K! be an extension of valued fields. For any a G K! , K{a) denotes the 
smallest difference subfield of K! containing K and a. The underlying field of K(a) 
is K(<j l (a) : i e Z). In literature a difference field generally means a field with 
an endomorphism. For our case, a difference field always means a field with an 
automorphism. So "the smallest difference subfield" in our context actually means 
the smallest inversive difference subfield. 

For any (n + 1 )-variable polynomial P(X , . . . , X n ) G K[X , . . . , X n ], wc define 
a corresponding I-variable cr-polynomial f(x) = P(x, cr(x), <r 2 (x), . . . , a n (x)). We 
define the degree of / to be the total degree of P; and the order of f to be the 
largest integer < d < n such that the coefficient of a d (x) in f(x) is non-zero. If 
/ G K, then order(/) := — oo. Finally we define the complexity of / as 

complexity(/) := (d, deg x J,deg f) e (NU {-oo}) 3 , 

where complexity(O) := (— oo, — oo, — oo) and for / G K,f ^ 0, complexity(J) := 
(—00,0,0). We order complexities lexicographically. 

Let x = (xo, ■ ■ ■ ,x n ), y = (yo, ■ ■ ■ ,y n ) be tuples of indeterminates and a = 
(fflo,...,a n ) be a tuple of elements from some field. Let J = (io, . . . ,i n ) be a 
multi- index (I G Z" +1 ). We define the length of J as \I\ := io + ■ ■ ■ + i n and 
a 1 := a ° ■ ■ ■ a l £ . For any element p of any ring, we define the p-length of J as 
\I\ p := iop° + iip 1 + • • • + i n p n . Then |/| G Z and \I\ P is an element of that ring. 
For any polynomial -P(x) over K, we have a unique Taylor expansion in A"[x, y] : 

P(x + y)=^P (J) (x). y / , 
/ 

where the sum is over all I — (io,...,i n ) G N" +1 , each P^(x) G K[x], with 
P (J) = for |/| > dcg(P), and y 1 := y^> ■ ■ ■ yfr . Thus J!P (J) = 9/P where 9/ is the 
operator (d/dx ) to ■ ■ ■ (d/dx n ) ln on K\x\, and J! := i \ ■ ■ ■ i n \. We construe N" +1 
as a monoid under + (componentwise addition) , and let < be the (partial) product 
ordering on N" +1 induced by the natural order on N. Define for J < J G N n+1 , 

( / ) := ( io ) " ' ( i ) ' 
Then it is easy to check that for J, J G N rl+1 , 

(/(/))( J) = ( 1 j 3 )/(i+J)- 

Let x be an indeterminate. When n is clear from the context, we set cr(x) := 
(x, a(x), . . . , <r n (x)), and also <r(a) = (a, <r(a), . . . , <r n (a)) for a G K. Then for 
P G K[xo, • • • , x„] as above and f(x) = P(cr(x)), we have 

f(x + y) = P{a{x + y)) = P{a{x)+a{y)) 

= £P (I) (<r(aO) • ^(y) 7 = 2/(1)^) ' ^fe)"' 

/ 7 

where / (7 )(x) := P (/) (cr(x)). 

A pseudo-convergent sequence (henceforth, pc-sequence) from if is a limit ordinal 
indexed sequence {a v } v< \ of elements of K such that for some index r] , 

rj" > T}' > rj > rjo v(a ri " - a n >) > v(a v ' — a v ). 
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We say a is a pseudo-limit of a limit ordinal indexed sequence {a v } from K 
(denoted a v ~~> a) if there is some index 770 such that 



Note that such a sequence is necessarily a pc-sequence in K. For a pc-sequence 
{a v } as above, let j v := u(ay — a v ) for rf > r) > 770; note that this depends only 
on 77. Then {7^}r;>T;o is strictly increasing. We define the width of {a^} as the set 



We say two pc-sequences {a v } and {b v } from if are equivalent if they have the 
same pseudo-limits in all valued field extensions of /C. Equivalently, {a^} and {b^} 
are equivalent iff they have the same width and a common pseudo-limit in some 
extension of K,. 



As already stated, we are interested in proving an Ax-Kochen-Ershov type the- 
orem for (and hence, finding the model companion of) the theory of multiplicative 
valued difference fields (valued fields where a is multiplicative). In this paper, we 
are always in equi-characteristic zero. So all valued fields and residue fields are of 
characteristic zero. Our main axiom is 



The value group T |= MOD AG : and as already mentioned before, such a multipli- 
cation makes sense in a MOD AG : where Z[p] is an ordered ring and T is construed 
as an ordered module over that ring. From now on, we assume that all our valued 
difference fields and valued difference field extensions satisfy Axiom 1. 

Our first goal is to prove pseudo-continuity. It follows from [B] that if {a v } 
is a pc-sequence from K, and a with a £ K, then for any ordinary non- 

constant polynomial P(x) £ K[x], we have P{a v ) ~+ P(a). Unfortunately, this is 
not true in general for non-constant c-polynomials over valued difference fields. As 
it turns out, this is true when p is transcendental over the integers (which includes 
the contractive case u p = 00" ) , but not true if p is algebraic (which includes the 
isometric case p = 1). Fortunately, in the algebraic case, we can remedy the 
situation by resorting to equivalent pc-sequences. We will follow the treatment of 
[2], [3] with appropriate modifications. We will, however, need the following basic 
lemma. 

Lemma 4.1. Let {7^} be an increasing sequence of elements in a MOD AG T. 
Let A = {\Ii\ p : l t £ Z n+1 ,i = 1, ...,/} be a finite set with \A\ — m, and for 
i = 1, . . . , m, let Ci + Hi ■ x , c-i £ T, ni £ A, be linear functions of x with distinct 
n,-. Then there is a p, and an enumeration ii, 12, ■ ■ ■ , i m of {1, ... , m} such that for 
i] > p, c tl + n ix ■ j v < c i2 + n i2 ■ j n < ■ ■ ■ < c lm + n im ■ j v - 

Proof. Since T is a MOD AG, there is a linear order amongst the n^'s. Suppose 
rii =/= nj £ A. WMA ni < nj. Then either Cj + nj -7^ < c, + n,- • 7^ for all 77, or 
for some rjij, Ci + ni ■ "f Vij < Cj + rij ■ 7^ . But in the later case, for all 77 > rjij, we 
have Ci + m ■ 7,, < Cj + nj ■ 7,,, as m < nj and {7^} is increasing. Since A is a finite 
set, the set of all such ryy's is also finite, and hence taking p to be the maximum of 
those rjij ;'s, we have our result. □ 




{7 £ T U {00} : 7 > j n for all 77 > r] }. 



4. PSEUDOCONVERGENCE AND PSEUDOCONTINUITY 



Axiom 1. v(cr(x)) = p ■ v(x) \/x £ K and p>l. 
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Basic Calculation. 

Suppose JC is a multiplicative valued difference field. Let {a v } be a pc-sequence 
from K with a pseudo- limit a in some extension. Let P(x) be a non-constant u- 
polynomial over K of order < n. 

Case I. p is transcendental. 

Let -f v — v(a v — a). Then for each 77 we have, 

P(a v )-P(a) = P(L){a)-a{a v -a) L =: £ Qi(r?) 

l<|£|<deg(P) l<|£|<deg(P) 

To calculate v(P(a n )—P(aj), we need to calculate the valuation of each summand 
We claim that there is a unique L for which the valuation of Q 1,(77) is 
minimum eventually. Suppose not. Note that the valuation of Ql(v) 

v(Ql(v)) = v(P( L )(a) ■ er(a n - a) L ) = v(P (L) (a)) + \L\ p ■ j n 

is a linear function in r y r) . Thus, by Lemma 4.1, the only way there isn't a unique 
L with the valuation of Ql(v) minimum eventually is if there are L ^ L' with 
\L\ p = \L'\ p . But then, 

\L\ p = \L'\ p => \L-L'\ P = Q 

=► (lo - Qp° + (h - Ii)p 1 + • • • + (in - Q P n = 

which implies that p is algebraic over Z, a contradiction. Hence, the claim holds. 
In particular, there is a unique Lq such that eventually (in 77), 

v(P(a v ) - P(a)) = v(P (Lo) (a)) + \L \ P ■ 7,, 

which is strictly increasing. Hence, P(a n ) P{a). 

Note that if p = 00, then p is transcendental over Z. Hence, the contractive case 
is included in Case I. 

Case II. p is algebraic. 

Since p satisfies some algebraic equation over the integers, there can be accidental 
cancelations and we might have v(Ql(ii)) = viQL'iv)) f° r infinitely many rj and 
L 7^ L', and the above proof fails. To remedy this, we construct an equivalent 
pc-sequence {b v } such that P(b v ) ~» P(a). 

Put 7^ := v(a v — a); then {7^} is eventually strictly increasing. Since v is 
surjective, choose 9 V <G K such that v(8 n ) = 7^. Set 6^ := + \i n Q n , where we 
demand that p, v € K and = 0. Define d v by a v — a = 9 n d v . So v(d v ) = and 

d v depends on the choice of 9 n . Since a is normally not in K, d v won't normally 
be in K either. Then, 

b v — a = b v — a v + a v — a 

= ^rj(Mr) + d v ). 

We impose v(p, n + d v ) = 0. This ensures b n a, and that {a v } and {b v } have 
the same width; so they are equivalent. Let A := {\L\ p : L e N" +1 and 1 < \L\ < 
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deg(P)}. Now, 

P(b v )-P(a) = Yl P(L)(a) ■ a(b 71 - a) L 
\l\ p e A 

= E E P(L)(a) ■ <T(b v - a) L 

m£A \L\ p —m 

= E E P {L){a) ■ cr{e 71 {^ + d n )) L 

m£A \L\ p =m 

= E E P(L)(a) ■ CT(9 rl ) L ■ + d v ) L 

m£A \L\ p =m 

^ Pm,i]([l"r] ^77) 
m£A 

where P mfl is the a-polynomial over K(a) given by 

P m , v (x)= Yl P(L)(a) ■ *(9 V ) L ■ a(x) L . 

\L\ p =m 

Since P K, there is an to £ A such that P m ,7j 7^ 0. For such to, pick L — L(m) 
with \L\ p = m for which v(P(£)(a) • <j(6 71 ) l ) is minimal, so 

Pm,v( x ) = P(L)(a) ■ cr(e v ) L ■ p m ,v( a '( x ))i 

where p m ,r){xa, ■ ■ ■ , x n ) has its coefficients in the valuation ring of K(a), with one 
of its coefficients equal to 1. Then 

v(P m , v {Hr, + d v )) = v(P( L )(a)) + m ■ j v + v{p m ^(cr(^ ri + d v ))). 

This calculation suggests a new constraint on {/x,,}, namely that for each to e A 
with P m j) ^ 0, 

v(p m ,ri(cr(tJ-ri + d^))) = (eventually in 77). 

Assume this constraint is met. Then Lemma 4.1 yields a fixed too € ^4 such that 
if to € A and m 7^ mo, then eventually in 77, 

v{P mo , v {pL n + d v )) < v(P m ^{nr, + d v )) 

For this Too we have, eventually in to 

v(P(b v ) - P(a)) = u(P (i )(a)) + m • 7„, L = L(m ), 

which is increasing. So P(b n ) P(a), as desired. 

To have {/J,,} satisfy all constraints, we introduce an axiom (scheme) about /C 
which involves only the residue held k of K. : 

Axiom 2. For each integer d > there is y € k such that a d (y) 7^ y. 

By [13] . p. 201, this axiom implies that there are no residual a-identities at all, 
that is, for every non-zero / € k[xg, . . . , x n ], there is a y € k with f(&(y)) 7^ (and 
thus the set {y £ k : f(&(y)) 7^ 0} is infinite). Now note that the p m 's are over 
K(a), and we need G k. The following lemma will take care of this. 

Lemma 4.2. Let k C k! be a field extension, and p(xq, . . . , x n ) a non-zero polyno- 
mial over k! . Then there is a non-zero polynomial f(xQ, . . . , x n ) over k such that 
whenever y , . . . , y n € k and f{y , . . . , y n ) ^ 0, then p(y Q , y n ) 7^ 0. 
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Proof. Using a basis b\ , . . . , b m of the k- vector subspace of k! generated by the 
coefficients of p, we have p = b\f\ + • • • + b m f m , with fi,...,f m € k[xo, . . . , x n ]. 
Let / be one of the /j's. Then / has the required property. □ 

Consider anmei with non-zero P m ,-q, and define 

Qm.rji^Oi ■ • ■ i x n) ■ — Pm,rj{ x ^7J! ■ • • ; x n A~ °~ (^77))- 

Then the reduced polynomial 

q m , n {xo, ...,x n ) := p m (x + J,,, . . . ,x n + a n (d v )) 

is also non-zero for each r\. By Lemma 4.2, we can pick a non-zero polyno- 
mial f v (xo, ■ ■ ■ ,x n ) <G fe[xo,...,x„] such that if y € Ok and f v (cr(y)) ^ 0, then 
Qm^io'iy)) 7^ for each m e A with P m , r) 7^ 0. 

Conclusion: if for each i] the element fi v G Ox satisfies /I r) 7^ 0, ^ + dr; 7^ 0, 
and f rt {a{p rt )) 7^ 0, then all constraints on {p.^} are met. 

Axiom 2 allows us to meet these constraints, even if instead of a single P{x) of 
order < n we have finitely many non-constant er-polynomials Q(x) of order < n 
and we have to meet simultaneously the constraints coming from each of those Q's. 
This leads to: 

Theorem 4.3. Suppose K satisfies Axiom 2. Suppose {a v } in K is a pc-sequence 
and a v a in an extension with j v := v(a — a v ). Let E be a finite set of a- 
polynomials P(x) over K . 

• If p is transcendental, then P(a v ) ~* P(a), for all non-constant P e K[x); 
more specifically there is a unique L = Lq{P) such that for all I 7^ L , 
eventually 

v(P(a v ) - P(a)) = v(P {Lo) (a)) + \L \ P ■ 7, < v(P {I) (a)) + \I\ P ■ 7 „. 

• If p is algebraic, then there is ape-sequence {b v } from K , equivalent to {a v }, 
such that P(b v ) ~-> P(a) for each non-constant P G E; more specifically 
there is a unique m = mo(P) such that for all I with \I\ p 7^ m , eventually 

v{P(b v ) - P(a)) = min v(P (Lo) (a)) + \L \ P • 7r) < t>(P (J) (a)) + \I\ P ■ 7,. 

\L \ p =m 

Corollary 4.4. 77ie same result, where a is removed and one only asks that {P(b v )} 
is a pc-sequence. 

Proof. By an observation of Macintyre, any pc-sequence in any expansion of valued 
fields (for example, a valued difference field) has a pseudo-limit in an elementary ex- 
tension of that expansion. In particular, {a v } has a pseudo-limit a in an elementary 
extension of fC. Use this a and Theorem 4.3. □ 

Refinement of the Basic Calculation. The following improvement of the basic 
calculation will be needed later on. 

Theorem 4.5. Suppose JC satisfies Axiom 2 and p is algebraic. Let {a v } be a 
pc-sequence from K and let a v ^ a in some extension. Let P{x) be a a -polynomial 
over K such that 

(i) PK) ^ o 7 

(ii) P(i)(6 r) ) /> 0, whenever \L\ > 1 and {b v } is a pc-sequence in K equivalent 
to {a rl }. 
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Let S be a finite set of a -polynomials Q{x) over K. Then there is a pc-sequence 
{b v } in K, equivalent to {a v }, such that P(b v ) ~* 0, and Q(b v ) ~* Q(a) for all 
non-constant Q m S. 

Proof. By augmenting E, we can assume P(l) S 5] for all L. Let n be such that 
all Q e S have order < n. Let and {(!,,} be as before. By following the 

proof in the basic calculation and using Axiom 2, we get non-zero polynomials 
fn € k[xo, • • • , x n ] and a sequence {^} satisfying the constraints 

Mr? SO, M)j 7^ 0, Ji v + d n ^ 0, f v {a(p, n )) ^ 0, 

such that, by setting b v := a v + 6^^, we have 

(3(6,,) Q(o) for each non-constant Q e S. 

We would like to constrain {/j, v } further so that we also have P(b v ) 0. Letting 
A := {\L\ P : L e N n+1 and 1 < \L\ < deg(P)}, we have 

P(b v ) = P(a v + Ori^n) 

m£A \L\ p =m 

= P(a,)+J2 E P{L){a v ) ■ <6 V ) L ■ a{ N ) L 

m£A \L\ p =m 

= P(a n ) + ^ Qm,r,(fJ-n) 
m£A 

where Q m ,, is the cr-polynomial over K given by 

Qm, V (x) = E P(L)(ar,) ■ (T{6r,) L ■ (r{x) L . 

\L\ p =m 

Since P^(a v ) ~+ P(L)( a ) an d P(L)( a r)) ~h 0, t>(P(£,)(a,j)) settles down eventually. 
Let 7t be this eventual value. For each m £ A such that Q TO>?7 7^ 0, let L = L(m) 
be such that P^(a v ) ■ cr(9 v ) L has minimal valuation. Then, for such Q TO] „ we can 
write (eventually in 77), 

(<x(x)), 

where v(c m , r) ) = 71, + \L\ P ■ y n and q m , r) is a polynomial over O with at least one 
coefficient 1. This suggests another constraint on {^ 71 \, namely, for each m G A such 
that Qm.r] 

^ 0, v(q m ^(a(ix n ))) = (eventually in n); equivalently, q m , v (tr(fj, v )) 7^ 0. 
As usual, this constraint can be met by Axiom 2. And then, by Lemma 4.1, we 
have a unique m a such that eventually in 77, 

V { E Qm, V (» V f) = "(Qmo.^rj)) = 7i + m ■ It,, L = L(m Q ), 

which is increasing. Now, if v(P(a v )) 7^ v(Q m0yn ([i n )), we do nothing. However, if 
v(P(a v )) = 71, + mo • J v , then replacing [i v by a variable x, consider 

P(^)^(cr(x)) 
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where H v (yo, ■ . ■ , y n ) is a polynomial over O with at least one coefficient 1. So if 
we add the extra requirement that H v (a-(p, v )) 7^ 0, easily fulfilled as before, we get 
that eventually 

and since both of these are increasing, we have P(b v ) ~* 0. □ 



5. Around Newton-Hensel Lemma 

For the moment we consider the basic problem of how to start with a G K and 
P(a) ^ 0, and find b G K with v(P(b)) > v(P(a)). 

Before we do that, we need a little notation. Let JC — (K, a, v) be a multiplicative 
valued difference field. As already mentioned, the automorphism a on K induces 
an automorphism on the value group F, which we also denote by a, as follows: 

7 i ^ (7(7) := v(a(aj), where 7 = v(a) for some a G K. 

Then for any multi-index I — (i , ii,. . ., i n ) G Z n+1 , we have 

n n n 

DKa) 1 ) = ^Wa))' 1 •■ ■ (^(a))'-) = ^i jV (^(a)) = ^i/(«(o)) = ^i/ (7). 

3=0 j=0 j=0 

In the multiplicative case, v{a 3 {a)) = p' J ■ v(a). Thus, we will denote the sum 
E"=o h^il) b y I j Ip ' 7- Also if -f = -fo = (0, . . . , 0, 1, 0, . . .0) with 1 at the i-th 
place, we denote P(i ) by P^y And then \Io\ p ■ 7 = p 1 ■ 7 = & l {"f)- By abuse of 
notation, we will often identify Jo with i. For example, we will write J 7^ i (for 
some multi- index J) to actually mean J 7^ I . Hopefully, this should be clear from 
the context. 

Let K, be a multiplicative valued difference field. Let P(x) be a cr-polynomial 
over K of order < n, and a e K. Let I,J,Le N n+1 . 

Definition 5.1. We say (P, a) is in cr-hensel configuration if P £ K and there is 
< i < n and 7 G T such that 

(i) u(P(a)) = v(P(i)(a)) + • 7 < i>(P(j)(a)) + p- 7 ' • 7 whenever < j < n, 

(ii) u(P(j)(a)) + |J| P • 7 < u(P( £ )(a)) + |J| P • 7 whenever ^ J < L and 
P {J) ^0. 

We say (P, a) is in strict cr-hensel configuration if the inequality in (i) is strict for 
3 + i- 

Remark 5.2. Note that if (P, a) is in (strict) cr-hcnscl configuration, then P/j\(a) 7^ 
whenever J^O and Pij\ 7^ 0, so P{a) 7^ 0, and therefore 7 as above satisfies 

v{P(a)) = min v(P {j) (a)) + p 3 • 7, 

0<j<n 

so is unique, and we set 7(P, a) := 7. If (P, a) is not in cr-hensel configuration, we 
set 7(P, a) := 00. If (P, a) is in strict cr-hcnscl configuration, then i is unique and 
we set i(P, a) := i. 

Remark 5.3. Suppose P is non-constant, P(a) 7^ 0, v(P(a)) > and v(P(j)(a)) = 
for all J 7^ with P(j\ 7^ 0. Then (P, a) is in cr-hensel configuration with 
7(P, a) = v(P(a)) > and any i with < i < n; and for p > 1, (P, a) is in strict 
cr-hensel configuration with 7(P, a) = v(P(aj) > and i(P, a) = 0. 
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Now given (P, a) in (strict) cr-hensel configuration, we aim to find b £ K such 
that v(P(b)) > v(P(a)) and (P,b) is in (strict) cr-hensel configuration. This, how- 
ever, requires an additional assumption on the residue field k, namely that k should 
be linear difference-closed. We will justify later on why this assumption is necessary. 

Axiom 3 n . If ao, ■ • ■ , a n £ k are not all 0, then the equation 
1 + uqx + aia(x) + ■ ■ ■ + a n a n (x) = 

has a solution in k. 

Lemma 5.4. Suppose K, satisfies Axiom 3 n , and (P, a) is in a-hensel configuration. 
Then there is b £ K such that 

(1) v(b -a)> 7 (P, a), v(P(b)) > v(P(a)), 

(2) either P{b) — 0, or (P, b) is in a-hensel configuration. 

For any such b, we have v(b — a) = j(P, a) and 7(P, b) > 7(P, a). 

Proof. This is the same proof as [4], Lemma 4.4. But we include it here for the 
sake of completeness, and also to set the ground for the next lemma. 

Step 1. Let 7 = ~f(P, a). Pick e € K with v(e) = 7. Let b = a + eu, where u S K 
is to be determined later; we only impose v(u) > for now. Consider 

P(b) = P(a)+ ]T P (J) ( a )-cr(fe- a ) J . 
|J|>1 

Therefore, P(b) = P(a) ■ (1 + E|j|>i C J ' ""(w) -7 ), where 

P {J) {a) ■ *{e) J 
° J = P(a) ' 
From v (e) = 7 and the fact that (P, a) is in cr-hensel configuration, we obtain 
mino<j< n v (cj) = and v(cl) > for \L\ > 1. Then imposing v(P(bj) > v(P(a)) 
forces u to be a solution of the equation 

1 + d r ° j ( x ) = °- 

0<j<n 

By Axiom 3„, we can take u with this property, and then v(u) = 0, so v(b — a) = 
7 (P,a), and v(P(b)) > v(P(a)). 

Step 2. Assume that P(b) ^ 0. It remains to show that then (P, b) is in a-hensel 
configuration with j(P, b) > 7. Let J ^ 0, Pij\ ^ and consider 

P(j)(b) = P(j)(a) + P (J)(L)(a) ■ cr(b-a) L . 

Note that P(j)(a) 7^ 0. Since JC is of equi-characteristic zero, u(P(j)(£) (a)) = 
v(P(j +L )(a)). Therefore, for all L ^ 0, 

v(P(J)(L) (a) ■cr(b-a) L )> v{P {J) (a)), 

hence v{Pij\{b)) = v{Pij\{a)). Since P{b) ^ 0, we can pick 71 G T such that 

P(b)= min «(P - ) (a))+^'-7 1 . 

0<j <n 
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Then 7 < 71 : Pick < i < n such that v(P(a)) = v(P (t) (a)) + p i ■ 7. So 
p l ■ 7 = v(P(a)) - v(P {i) (a)) < v(P(b)) - v(P {i) (a)) < p l ■ 7l . 

Also for I,J^O and 9 e T with 6 > 0, wc have | J\ p ■ 6 < \L\ p ■ 8 for J < L (here 
we are using the fact that p > 0). Thus the inequality 

«(P (J) (o)) + \J\ P • 7 < v(P {L) (a)) + \L\ p • 7 

together with 71 > 7 yields 

v(P (J) (a)) + \J\ p • 7l < v(P (L) (a)) + \L\ p • 7l . 

Hence, (P, b) is in cr-hensel configuration with j(P, b) = 71. □ 

Lemma 5.5. Suppose JC satisfies Axiom 3 n and p > 1, and (P, a) is in a-hensel 
configuration. Then there is c € K such that 

(1) v(c -a)> j(P, a), v(P(c)) > v(P(a)), 

(2) either P(c) = 0, or (P, c) is in strict a-hensel configuration. 

For any such c, we have v(c — a) = 7 (P, a), 7 (P, c) > 7(P, a); and if (P,a) was 
already in strict a-hensel configuration, then i{P,c) < i(P,a). 

Proof. Let 7 = 7 (P, a) and i = i(P,a) (in case (P, a) is in strict a-hensel config- 
uration). Since (P, a) is in cr-hensel configuration, by Lemma 5.4, there is b e K 
such that v(b - a) = 7 (P,a), v(P(b)) > v(P(a)), j{P,b) > j(P,a) = 7 and either 
P(b) = or (P, b) is in cr-hensel configuration. 

If P(b) = 0, let c := b and we are done. So suppose P(b) 7^ 0. Then, letting 
7i = l(P, b), we have for some < jo < n, 

v(P(b)) = v(P Uo) (a)) + p>° ■ 71 < v(P {j) (a)) + p> ■ 7l 

for all < j < n. 

If the above inequality is strict for j 7^ jo , we are done: Then (P, b) is in strict 
cr-hensel configuration with i(P, b) = jo and 7 (P, b) =71. Moreover, if i < j , then 
P l ' (71 — 7) < Z 9 "" 1 ' (71 — 7) as 7i — 7 > an d P > 1, and we have 
w(P w (a))+//- 7 < «(P 0o) (a))+p JO - 7 
=>■ w(P (i) (a)) + p l • 7 + • (71 - 7) < + P 3 ° ■ 7 + P J0 ' (7i - 7) 

=► v(P {i) (a) ) + p* ■ 71 < v(P 0o ) (a) ) + p*> • 71 , 

which is a contradiction. So j < i. Thus, we have, 7 (P, 6) > 7(P, a) and i(P, b) < 
i(P, a). Let c := fe. 

However, if there is no such unique j , then it means there are < jo < ji < 
■ ■ ■ < jm < n such that 

v(P(b)) = v(P Uo) (a))+fP° -71 - «(P (jl) (a))+/^ - 7 i = ■■■ = v{P {jm) {a)) + ft™ - 7l . 

Since (P, 6) is in cr-hensel configuration, we can find b' ^ K such that v(P(b')) > 
v(P{b)) > u(P(a)),7(P,6') > 7 (P,6) > 7 (P,a), u(6' - 6) = 7 (P,6) and either 
P(fr') = or (P, 6') is in cr-hensel configuration. It follows that 

v(b'-a) = v(b'-b + b-a) 

> min{f (b' — b), v(b — a)} 

= min{ 7 (P,fo), 7 (P,a)} 

v(b'-a) = 7 (P, a) since, j{P,a) < j(P,b). 
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If P(b') = 0, we are done. So suppose P(b') ^ 0. Let 72 = -f(P, b'). Since 72 — 71 > 
and p > 1 (this is where we crucially use this hypothesis), we have 

p>« . ( 72 - 7l ) < pii • (72 - 71) < • • • < fP m ■ (72 - 7l). 

But then by doing the same trick as in the previous paragraph, we obtain 

v(P Uo) (a)) + pi" ■ 72 < v(P {jl) (a)) + ^ ■ 72 < ■ ■ ■ < v(P {jm) (a)) + p?™ ■ 72- 

Thus, we have succeeded in finding a better approximation b' than b in the sense 
that (P, b') is in cr-hensel configuration with its minimal valuation occurring at 
a possibly lower index than that of (P,b). Since i(P,a) is finite, there are only 
finitely many possibilities for this index to go down. So by repeating this step 
finitely many times, we end up at our required c with v(c — a) = 7(P, a) such that 
either P(c) = or (P, c) is in strict cr-hensel configuration with 7(P, c) > 7 (P, a) 
and i(P,c) < i(P, a). □ 

Lemma 5.6. Suppose K satisfies Axiom 3 n , and (P, a) is in a-hensel configuration. 
Suppose also there is no b e K such that P(b) = and v(b — a) = j(P,a). Then 
there is a pc-sequence {a^} in K with the following properties: 

(1) ao = a and {a n } has no pseudolimit in K; 

(2) {v(P(a rj ))} is strictly increasing, and thus P(a v ) ~» 0; 

(3) v{a r ,i — a„) = 7(P, a. q ) whenever r\ < n' ; 

(4) (P,a v ) is in a-hensel configuration with j(P,a n ) < j(P,a v i) for r\ < rf ; 

(5) for any extension KJ of K, and b, c € K' such that a v ~* b and v(c — b) > 
7(P, b), we have a n ^> c. 

Proof. We will build the sequence by transfinite recursion. Start with a := a. 
Suppose for some ordinal A > 0, we have built the sequence {a^} r) <A such that 

(i) (P,a v ) is in <r-hensel configuration, for all 77 < A, 

(ii) v(a v > — a v ) = 7(P, a v ) whenever n < 77' < A, 

(iii) v(P(a r) ')) > v(P(a v )) and j(P,a n >) > j(P, a n ) whenever r\ < rj < A. 

Now we will have to deal with the inductive case. If A is a successor ordinal, say 
A = p, + 1, then by Lemma 5.4, there is a\ e K such that v{a\ — a^) = j(P,a IJ ,), 
v(P(a\)) > v(P(a^)) and j(P, a\) > j(P, a^). Then the extended sequence 
{a n } v< x+i has the above properties with A + 1 instead of A. 

Suppose A is a limit ordinal. Then {a v } is a pc-sequence and P(a v ) ~» 0. If {a v } 
has no pseudolimit in K, we are done. Otherwise, let a\ € K be a pseudolimit of 
{a r) }. Then v{a\ — a v ) = v{a v+ i — a r] ) = -f(P,a v ); also, for any n < A, 

P(a\) = P(a v ) + p (i)( a v) ■ ""(aA - a v) Z ^ 
|J|>i 

since P(a v ) has the minimal valuation of all the summands, we have v(P(a\)) > 
v(P(a ri j) for all n < A. Since {v(P(a v ))} v< \ is increasing by inductive hypothesis, 
we get v(P(a\)) > v(P(a rj )) for all n < A. And then by Step 2 of Lemma 5.4, 
it follows that (P,a\) is in cr-hensel configuration with 7 (P, a\) > -f(P, a n ) for all 
77 < A. Thus the extended sequence {a v } v< \ + \ satisfies all the above properties 
with A + 1 instead of A. Eventually we will have a sequence cofinal in K , and 
hence the building process must come to a stop, yielding a pc-sequence satisfying 
(1), (2), (3) and (4). 
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Now a n ~-> b. Thus v(b — a v ) = v(a v +i — a v ) = j(P, a v ) for all 77, and (P, b) is in 
cr-hensel configuration with 7(P, b) > j(P,a v ) for all 77. In particular, 

u(c — a n ) = v(c — b + b—a v ) 

> min{w(c — b), v(b — a v )} 

> min{7(P,6), 7 (P,a„)} 
=> v(c - a n ) = 7(P, a,,) 

Since {j(P, a v )} is increasing, we have a v ~» c. □ 

It follows similarly (with ideas from the proof of Lemma 5.5) that 

Lemma 5.7. Suppose JC satisfies Axiom 3 n , p > 1 and (P,a) is in strict a-hensel 
configuration. Suppose also there is no b £ K such that P{b) = and v(b — a) = 
j(P,a). Then there is a pc-sequence {a n } in K with the following properties: 

(1) a = a and {a n } has no pseudolimit in K; 

(2) {v(P(a ri ))} is strictly increasing, and thus P{a v ) 0; 

(3) v(a v > — a v ) = ~f(P, a v ) whenever r\ < rf ; 

(4) (P,a v ) is in strict a-hensel configuration with j(P,a v ) < j(P,a v >) and 

i(P, ay) ^ i( p i a n) f° r V < rf; 

(5) for any extension KJ of JC and b,c £ K' such that a n b and v(c — b) > 
j(P, b), we have a rl ^> c. 

Definition 5.8. A multiplicative valued difference field JC is called (strict) a- 
henselian if for all (P, a) in (strict) a-hensel configuration there is b <E K such 
that v(b - a) = 7 (P, a) and P(b) = 0. 

By Axiom 3 we mean the set {Axiom 3„ : n = 0, 1, 2, . . .}. So Axiom 3 is really 
an axiom scheme and JC satisfies Axiom 3 if and only if k is linear difference closed. 

Corollary 5.9. If JC is maximally complete as a valued field and satisfies Axiom 
3, then JC is a-henselian (strict a-henselian if p > 1). In particular, if JC is com- 
plete with discrete valuation and satisfies Axiom 3, then JC is a-henselian (strict 
a-henselian if p > 1). 

Lemma 5.10. (1) If JC is a-henselian, then JC satisfies Axiom 3. 
(2) If JC satisfies Axiom 3, then JC satisfies Axiom 2. 

Proof. (1) Assume that JC is er-henselian and let Q(x) = 1 + ot x + a\a{x) H + 

a n a n (x) € k(x) such that not all c^'s are zero. We want to find b € k such that 
0(6) = 0. 

Let P(a) = 1 + oqx + a\a(x) + • • • + a n a n (x), where for all i, di e K, a% = 
if a.i — 0, and u(a,) = with a,i — on if on 7^ 0. It is easy to see that (P, 0) is 
in cr-hensel configuration with 7(P, 0) = 0. By cr-henselianity, there is a £ K such 
that v(a) = and P(a) = 0. Set b := a. 

(2) For JC to satisfy Axiom 2, we need for each d £ Z+, an element a £ k such 
that a d (a) 7^ a. Consider the linear difference polynomial Pd(x) = a d (x) — x+l over 
k. Since JC satisfies Axiom 3, there is a £ k such that Pz(a) = 0, i.e., <f d (a) = a — 1. 
In particular, a d (a) 7^ a. □ 

Remark 5.11. (1) If T = {0}, then JC is cr-henselian. 

(2) If T 7^ {0} and JC is a-henselian, then JC satisfies Axiom 3 by Lemma 5.10. 
In particular, a n 7^ idk for all n > 1. Thus, JC satisfies Axiom 2 as well. 
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(3) If p > 1 and K, satisfies Axiom 3, then K, is c-henselian iff K, is strict a- 
henselian: the "only-if" direction is trivial, and the "if" direction follows 
from Lemma 5.5. However, the "if" direction is not true for p = l. 

Definition 5.12. We say {a v } is of cr-algebraic type over K if P(b v ) ~* for some 
CT-polynomial P(x) over K and an equivalent pc-sequence {b v } in K. Otherwise, 
we say {a v } is of a-transcendental type. 

If {a v } is of c-algebraic type over K, then a minimal cr-polynomial of {a v } over 
if is a CT-polynomial P(x) over K with the following properties: 

(i) P(b v ) ~-+ for some pc-sequence {&,,} in K equivalent to {a^}; 

(ii) Qibrj) whenever Q(x) is CT-polynomial over K of lower complexity than 
P{x) and {brj} is a pc-sequence in K equivalent to {a v }. 

Lemma 5.13. Suppose K, satisfies Axiom 2. Let {a^} from K be a pc-sequence of cr- 
algebraic type over K with minimal a -polynomial P(x) over K , and with pseudolimit 
a in some extension. Let E be a finite set of a -polynomials Q(x) over K. Then 
there is a pc-sequence {b v } in K, equivalent to {a v }, such that, with j v := v(a—a rl ) : 

(I) v(a — b v ) = j v , eventually, and P(b v ) ~-+ 0; 
(II) i/QeS and Q(£K, then Q(b n ) ~» Q(a); 

(III) (P,b v ) is in a-hensel configuration with j(P,b v ) = j v , eventually; 

(IV) (P,a) is in a-hensel configuration with j(P,a) > "/. q eventually. 

If p > 1, then (P, b v ) is actually in strict a-hensel configuration. Also there is some 
a' , pseudolimit of {a v }, such that (I), (II) and (IV) hold with a replaced by a! , and 
(P,a') is in strict a-hensel configuration with j(P,a') > -f v eventually. 

Proof. Let P have order n. Let us augment E with all P(j) for 1 < | J| < dcg(P). In 
the rest of the proof, all multi-indices range over N n+ . Also since P is a minimal 
polynomial of {a v }, there is an equivalent sequence {c v } such that P(c v ) ~» 0. 

Now if p is transcendental, then by Theorem 4.3, Q(c n ) Q(a) for all Q £ E and 
Q £ K. Let b v :— c n . Thus, {b n } satisfies (I) and (II). And if p is algebraic, then 
by Theorem 4.5, there is a pc-sequence {b v }, equivalent to {c n } (and hence to {a v }), 
such that (I) and (II) hold. Theorem 4.3 also shows that in the transcendental 
case, there is a unique Lq such that eventually for all I ^ Lq, 

v(P(b v ) - P(a)) = v(P (Lo) (a)) + \L \ P ■ 7, < v{P {I) (a)) + \I\ P ■ 7,, 

and in the algebraic case there is a unique m such that eventually for all I with 
\I\ P 7^ mo, 

(1) v(P(br,) - P(a)) = min v(P {Lo) (a)) + m ■ lr) < v(P {I) (a)) + \I\ P ■ 7jj . 

\L \ p =m 

We will show that in either case |Zo| = 1- Since for p > 1, there is a unique Lq 
such that \L n \ p = m and |i | = 1, this gives us that for p > 1 (both algebraic and 
transcendental), there is a unique L n such that eventually for all I 7^ L , 

(2) v(P(b v ) - P(a)) - v(P (Lo) (a)) + \L \ p ■ 7, < v(P (I) (a)) + \I\„ ■ 7,. 

This actually gives the strict cr-hensel configuration of (P, b v ) for p > 1. 
For any I such that P(j) 7^ 0, we claim that if / < J, then 

v(P(i)(a)) + \I\ P ■ 7r, < v(P iJ) (a)) + \J\ p ■ j v 
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eventually: Theorem 4.3 with S = {P, P(i)} shows that we can arrange that our 
sequence {b v } also satisfies 

v(P(i)(br,) - P ( /)(o)) < v(P {I){L) (a)) + \L\ p ■ lv , 

eventually for all L with \L\ > 1. Since v(P/j\(b ri )) = v(P(j)(a)) eventually (as P 
is a minimal polynomial for {a^}), this yields 

v(P(i)(a)) < v(P {I)(L) {a)) + \L\ p ■ 7 „ = v(P {I+L) (a)) + \L\ p • 7 „. 

For L with I + L = J , this yields 

«(^)(a))<«(P(j)(a)) + |J-/|p- 77) - 
As {7^} is increasing, we have eventually in ry, 

w(P ( r)(a)) <«(P (J) (a)) + |J- J| p - 7fl . 
Since eventually v(P^(b v )) = v(Prn(a)), we have 

v(P(i) (bf,)) + \I\ P ■ 7») < v(P {J) (b v )) + \ J\ p ■ and 
u(P(j)(a)) + |JV7„ < w(P (J) (a)) + |J| (9 -7 7) 

It follows that \Lq\ = 1 (for p = 1, this means m = 1). In particular, we have 
established (1) with m = 1 for p = 1, and (2) for p > 1. Since P(b v ) 0, 
this yields i>(P(a)) > v(P{b v )) eventually, i.e, v(P{b v ) - P(a)) = v(P(b v )). It 
follows from this and (1) that (P, b v ) is in cr-hcnsel configuration eventually with 
j(P ) b v ) = j v ; and it follows from (2) that for p > 1, {P,b v ) is in strict cr-hensel 
configuration. 

Finally by Step 2 of Lemma 5.4, it follows that (P, a) is also in cr-hensel config- 
uration with 7(P, a) > j v eventually; and for p > 1, if (P, a) is already in strict 
cr-hensel configuration, we are done. Otherwise follow the proof of Lemma 5.5 to 
find the required a'. □ 



6. Immediate Extensions 

Throughout this section, K. — (K, T, k; v, n) is a multiplicative valued difference 
field satisfying Axiom 2. Note that then any immediate extension of JC also satisfies 
Axiom 2. We state here a few basic facts on immediate extensions. 

Lemma 6.1. Let {a^} from K be a pc-sequence of a -transcendental type over K. 
Then K, has a proper immediate extension (K(a), T, k; v a , 7T a ) such that: 

(1) a is a -transcendental over K and a v a; 

(2) for any extension (Ki,Ti, ki; Vi,7Ti) of JC and any b € K\ with a n ~-» b, 
there is a unique embedding 

{K(a),T 1 k;v a ,TT a ) — ► (Ki, Ti, h; vi, tti) 

over K that sends a to b. 

Proof. See [3], Lemma 6.2. (All that is needed in the proof is the pseudo-continuity 
of the cr-polynomials (upto equivalent sequences). So the same proof works here.) 

□ 

As a consequence of both (1) and (2) of Lemma 6.1, we have: 
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Corollary 6.2. Let a from some extension of K, be a-algebraic over K and let {a^} 
be a pc-sequence in K such that a v ~~> a. Then {a^} is of a-algebraic type over K. 

Lemma 6.3. Let {a^} from K be a pc-sequence of a-algebraic type over K , with 
no pseudolimit in K . Let P{x) be a minimal a-polynomial of {a v } over K . Then 
K. has a proper immediate extension (K{a},T,k]V a ,Tr a ) such that: 

(1) P{a) = and a n ~> a; 

(2) for any extension (K\,Ti, fcj.;i>i,7ri) of K, and any b G K\ with P(b) = 
and a v b, there is a unique embedding 

(K(a),T,k;v a ,ir a ) — ► (Ki,Ti,ki;vi,iri) 

over K that sends a to b. 

Proof. See [3], Lemma 6.4. □ 

Definition 6.4. JC is said to be cr-algebraically maximal if it has no proper im- 
mediate cr-algebraic extension; and K, is said to be maximal if it has no proper 
immediate extension. 

Corollary 6.5. (1) K, is a -algebraically maximal if and only if each pc-sequence 
in K of a-algebraic type over K has a pseudolimit in K; 
(2) ifK, satisfies Axiom 3 and is a -algebraically maximal, then IC is a-henselian. 

Proof. (1) The "only if" direction follows from Lemma 6.3. For the "if" direction, 
suppose for a contradiction that /Ci := (Ki,T,k;vi,iri) is a proper immediate 
cr-algebraic extension of K. Since the extension is proper, there is a G K\ \ K. 
Since the extension is immediate, we can find a pc-sequence {a n } from K such 
that a. Since the extension is cr-algebraic, a is cr-algebraic over K . Then by 

Corollary 6.2, {a v } is of cr-algebraic type over K. So by assumption, there is b G K 
such that a v b. But then by part (2) of Lemma 6.3, we have 

(K(a),T,k;v a ,% a ) = (K{b),T, fc; Vb, K b ) = (K, T, k; v, n), 

i.e., a G K, a contradiction. 

(2) Let P(x) be a cr-polynomial over K of order < n, and a G K be such that 
(P, a) is in c-hensel configuration. If there is no b G K such that v(b — a) = j(P, a) 
and P(b) = 0, then by Lemma 5.6, there is a cr-algebraic pc-sequence {a n } in K 
such that {a^} has no pseudolimit in K . But then by part (1) of this corollary, K 
is not cr-algebraically maximal, a contradiction. □ 

It is clear that K has cr-algebraically maximal immediate cr-algebraic extensions, 
and also maximal immediate extensions. Provided that K, satisfies Axiom 3, both 
kinds of extensions are unique up to isomorphism, but for this we need one more 
lemma: 

Lemma 6.6. Let IC' be a a -algebraically maximal extension of K. satisfying Axiom 
3. Let {a n } from K be a pc-sequence of a-algebraic type over K , with no pseudolimit 
in K , and with minimal a-polynomial P(x) over K . Then there exists b G K' such 
that a n b and P(b) = 0. 

Proof. By Corollary 6.5 (1), there exist a G K' such that a„ ~~» a. If P(a) = 0, 
we are done. So let's assume P(a) ^ 0. But then by Lemma 5.13(IV), (P, a) is in 
cr-hensel configuration with j(P, a) > v(a — a^) eventually. Since KJ satisfies Axiom 
3, by Corollary 6.5 (2) there is b G K' such that v(b - a) = a) and P(b) = 0. 
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Finally v(b — a n ) = v(b — a + a — a v ) = v(a — a v ), since v(b— a) = j(P, a) > v(a — a v ). 
Thus, a v ~-> b. □ 

Together with Lemmas 6.1 and 6.3, this yields: 

Theorem 6.7. (1) Suppose IC' is a proper immediate a-henselian extension of 
IC, and let a € K' \ K . Let JC\ be a a-henselian extension of K satisfying 
Axiom 2, such that every pc-sequence from JCi of length at most cardiT) 
has a pseudolimit in K\. Then JC(a) embeds in fC\ over JC. 
(2) Suppose K! is a proper immediate a-henselian a-algebraic extension of IC, 
and let a G K'\K. Let JCi be a a-henselian extension of IC satisfying Axiom 
2, such that every pc-sequence of a-algebraic type over IC\ and of length at 
most card{T) has a pseudolimit in IC\. Then IC(a) embeds in IC\ over IC. 

Proof. (1) By the classical theory, there is a pc-sequence {a v } from K such that 
a v ~» a and {a v } has no pseudolimit in K. By assumption, there is b £ K\ such 
that a v b. 

If {a n } is of er-transcendental type, then by Corollary 6.2, both a and b must be 
cr-transcendental over K. Now apply Lemma 6.1. 

If {a^} is of cr-algebraic type, let P{x) be a minimal polynomial for {a v }. By 
Theorem 4.5, we get an equivalent pc-sequence {b v } from K with b n ~» a, such 
that P(b n ) ~* 0, P(b n ) ^ P(a), P (L) (b n ) ^ P (L )(a) (but not to 0) for all \L\ > 1, 
(P, b v ) is in cj-henscl configuration eventually, and either P(a) = 0, or (P, a) is also 
in cr-hensel configuration with j(P, a) > j(P, b v ) eventually. If P{a) = 0, we are 
done. Otherwise, since IC' is er-hensclian, we have a' e K' such that P(a') = and 
v (a' — a) = "f(P, a). Since j(P, a) > j(P, b v ) eventually, we have b v a' . Thus, in 
either case, we have a' £ K' such that P(a') — and b v ~+ a'. Similarly, we get 
b' e K x such that b v b' and P(b') = 0. 

By Lemma 6.3, K(a') is isomorphic to K(b') as multiplicative valued fields over 
K, with a 1 mapped to 6'. 

Now, a is immediate over K(a'). If it is not already in K(a'), then we may 
repeat the argument and conclude by a standard maximality argument. 

(2) By Corollary 6.2, there is a pc-sequence {o^} from K of cr-algebraic type 
pscudoconverging to a, but with no pseudolimit in K. Then the calculation in (1) 
works noting that every extension or pc-sequence considered will be of cr-algebraic 
type. □ 

Corollary 6.8. Suppose IC satisfies Axiom 3. Then all its maximal immediate 
extensions are isomorphic over IC, and all its a -algebraically maximal immediate 
a-algebraic extensions are isomorphic over IC. 

Proof. We have already noticed the existence of both kinds of maximal immediate 
extensions. By Corollary 6.5(2), they are also cr-henselian. The desired uniqueness 
then follows by a standard maximality argument using Theorem 6.7 (1) and (2). □ 

We now state minor variants of the last two results using the notion of saturation 
from model theory. 

Lemma 6.9. Let IC' be a \T\ + -saturated a-henselian extension of IC. Let {a v } from 
K be a pc-sequence of a-algebraic type over K, with no pseudolimit in K , and with 
minimal a -polynomial P{x) over K . Then there exists b G K' such that a v b 
and P(b) = 0. 
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Proof. By the saturation assumption, there is a pseudolimit a G K/ of {a v }. If 
P(a) — 0, we are done. So let's assume P(a) 7^ 0. But then by Lemma 5.13(IV), 
(P,a) is in u-hensel configuration with j(P,a) > via — a^) eventually. Since K! is 
cr-henselian, there is b £ K' such that v(b — a) = j(P,a) and P(b) = 0. Finally, 
a n -w 6, since v(b — a) = j(P, a) > v(a — a n ). □ 

In combination with Lemmas 6.1 and 6.3, this yields: 

Corollary 6.10. Suppose that K. satisfies Axiom 3 and K! is a \T\ + -saturated cr- 
henselian extension of K,. Let JC* be a maximal immediate extension of JC. Then 
JC* can be embedded in JC' over JC. 



7. Example and Counter-example 

We will now show the consistency of our axioms by building models for our 
theory. The canonical models we have in mind are the generalized power series fields 
k((t r )), also known as the Halm series. Given any difference field k of characteristic 
zero with automorphism cr, and any MOD AG T with automorphism (7(7) = p ■ 7, 
we form the multiplicative difference valued field k((t r )) as follows. 

As a set, k((t r )) := {/ : T -> k \ supp(/) := {x G T : f(x) ^ 0} is well-ordered 
in the ordering induced by T}. 

An element / G k((t r )) is thought of as a formal power series 

/ E/(^ 7 

(/ + ft)( 7 ) := /(7) + M7) 
(A)(7) := J2 

v{f) := min supp(/) 

If we choose p > 1, k((t T )) satisfies Axiom 1. Also if we impose that a is a linear 
difference closed automorphism on k, then k((t r )) satisfies Axiom 2 and Axiom 3 
as well. Moreover, using the fact that k((t r )) is maximally complete [7 , it follows 
from Corollary 5.9 that k((t r )) is cr-henselian for p > 1, and strict cr-henselian for 
p > 1. Also note that the residue field of k((t r )) is k, and the value group is T. 

Now we will justify why we need Axiom 3 (at least for the case p > 1). We will 
provide an example that shows why Axiom 3 cannot be dropped. This example is 
adapted from [4], Example 5.11. 

Example 7.1. Let p be any element of a real-closed field and p > 1. Let T be the 
M ODAG generated by p over Z. Thus we construe F as the ordered difference group 
Z[p, with the order induced by the cut of p. Let k be any field of characteristic 
zero, construed as a difference field equipped with its identity automorphism. And 
let K be the multiplicative valued difference field (k((t r )),T, k;v,ir). 
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For each n, let T n := p n Z[p] and let JC n be the multiplicative valued difference 
field fc((£ r ™),r„,fc;v,7r). Let 

£00 := (\Jk((t r ")),T,k;v,n). 

n 

Then /Coo equipped with the restriction of a, is a valued difference subfield of JC 
and a is multiplicative. Let us define a sequence {a n } as follows: 

n 

a n = J2 t ~ P ~ i - 

i=l 

We claim that {a n } is a pc-sequence : Note that since p > 1, we have for i < j e N, 
u(t- p_< ) = < -p~ j = v(t-' r] ). Hence, v(a n+1 - a n ) = v(t-P~ (n+1) ) = 

_p-("+ 1 ) ) which is increasing as n — > 00. 

Also it is clear that {a n } has no pseudolimit in /Coo. Moreover, since a(ir p ) = 
t~ p ' +1 , we have for 

P(x) = a(x)-x-t~ 1 , 

P(a n ) = t~ p 0, and hence {a„} is of cr-algebraic type over /Coo. Now /Coo 

is a union of hensclian valued fields, and hence is henselian. Moreover it is of 
characteristic zero. Hence /Coo is algebraically maximal. Therefore, P(x) is a 
minimal cr-polynomial of {a n } over /Coo- Also, 

P(a n ) + 1^0, 

and so P(x) + 1 is a minimal cr-polynomial of {a n } over /Coo as well. By Lemma 6.3, 
there are immediate extensions /Coo (a), /Coo (a') of /Coo such that a n ~* a, P(a) = 0, 
and a„ -w a', P(a') + 1 = 0. Let L\,C,2 be cr-algebraically maximal, immediate, 
cr-algebraic extensions of /Coo (a), /Coo (a') respectively. 

Now we claim that C\ and £ 2 are not isomorphic over /Coo- Suppose for a 
contradiction that they are isomorphic. Then there is b <G C\ such that P(6) + l = 0. 
Since P(a) = we have 

Q(a, 6) := cr(6 - a) - (b - a) + 1 = 0. 

We claim that this is only possible when v(b — a) = : if v (b — a) > 0, then since 
p > 1, we have w(cr(6 — a)) > — a) > = Hence, v(Q(a,b)) = v(l) = 0, 

and thus Q(a, b) 7^ 0, a contradiction; similarly, if w(6 — a) < 0, then w(cr(6 — a)) < 
u(6 — a) < = w(l), in which case again v(Q(a,bj) = 0, a contradiction. Thus, 
v(b-a) = 0. 

But then, b — a e k and b — a is a solution of 

£7(2; ) — x + l=0, 

which is impossible since a = id, contradiction. 

Here we considered a particular instance of failure of Axiom 3; namely, when a is 
the identity, the above cr-linear equation does not have a solution in k. However, one 
can produce a similar construction for any non-degenerate inhomogeneous cr-linear 
equation which does not have a solution in k. 
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8. Extending Residue Field and Value Group 



Let JC = (K, r, k; v, w) and JC' = (K T', k'\ v', w') be two multiplicative valued 
difference fields (with the same p); let O and O' be their respective ring of integers, 
and let a denote both their difference operators. Let £ = (E,TE,kE',v,ir) be a 
common multiplicative valued difference subficld of both JC and JC' , that is, £ < 
JC, £ < JC' . Then we have: 

Lemma 8.1. Let a G O and assume a — ir(a) is a -transcendental over kE- Then 

• v(P(a)) = minx, {t> (&£,)} for each a -polynomial P(x) = ^6l<t(iz;)- l over E; 

• v(E(a) x ) = v(E x ) = Te, and £(a) has residue field ^(a); 

• ij b G O' is such that j3 = ir(b) is a -transcendental over kE, then there is a 
valued difference field isomorphism £(a) — > £ (b) over £ sending a to b. 



Lemma 8.2. Let P{x) be a non-constant a -polynomial over the valuation ring of 
E whose reduction P{x) has the same complexity as P(x). Let a G 0,b G O 1 , 
and assume that P(a) = 0, P(b) = 0, and that P(x) is a minimal a -polynomial of 
a := 7r(a) and of /? := 7r'(6) over kE- Then 

• £ (a) has value group v(E x ) — Te and residue field fc£j(a); 

• if there is a difference field isomorphism fc^(a) — > fc£j(/3) over kE sending a 
to f3, then there is a valued difference field isomorphism £{a) — > £ (b) over 
£ sending a to b. 



Now we will show how to extend the value group. Recall that T is a model of 
MOD AG. Before stating the results, we need a couple of definitions. 

Definition 8.3. For a given a-polynomial P (x) — bLc(x) L over K and a € K, 
we say a is generic for P if v(P(a)) = min{w(6x,) + \L\ p ■ v(a)}. 

Definition 8.4. An element a E K (or K') is said to be generic over £ if a is 
generic for all a-polynomials P(x) = bL<r{x) L over E. 

Lemma 8.5. Assume fC satisfies Axiom 2. Then, for each 7 € V and P(x) = 
Y, bi,cr{x) L over K , there is a G K such that v(a) = 7 and a is generic for P. 

Proof. Let c £ if be such that v(c) =7. If c is already generic for P, set a := c 
and we are done. Otherwise, pick e € K such that v(e) — (we will decide 
later how to choose e) and set a := ce. Note that v(a) — v(c) = 7. Then, 
P(a) = Y l b Lcr(c) L cr(e) L . Choosing d € K x such that v(d) = min{v (b L cr(c) L )} = 
min{v(&£,) + \L\ P ■ 7}, we can write P(a) = dQp(e), where Qp(e) is over the ring 
of integers of K. Consider Qp(l), a a-polynomial over k; choose e G k such that 
Qp(e) ^ 0, which is possible since JC satisfies Axiom 2. Let e G K be such that 
7r(e) = e. Then v(Qp(e)) = 0, and hence v(P(a)) = v(d) = min{v(&£,) + \L\ p ■ 7}. 
Thus, a is generic for P and v(a) =7. □ 

Remark 8.6. It is clear from the proof of Lemma 8.5 that if we replace P{x) by a 
finite set of a-polynomials {P\(x), . . . , P m (x)} of possibly different orders, then by 
choosing e G k such that it doesn't solve any of the related m equations Qpiix) = 
over k (which is again possible to do as JC satisfies Axiom 2), we can find a G K 
such that a is generic for {Pi, ... , P m }. 



Proof. See [3], Lemma 2.5. 



□ 



Proof. See [3J, Lemma 2.6. 



□ 
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Definition 8.7. Let P(x) = Y^bLc(x) L be a cr-polynomial over K and a G K. 
Write P(ax) = dQp(x), where d € K is such that = min{u(fez,) + |L| P • v(a)}. 
Then Qp(x) is a cr-polynomial over 0i<-, and thus Qp(x) is a cr-polynomial over k. 
We say Qp(x) is a fc-(7-polynomial corresponding to {P,a). 

Lemma 8.8. Let 7 G T \ Te- Let k be an infinite cardinal such that |&e| < k. 
Assume JC,JC' satisfy Axiom 2 and are k + -saturated. Then 

(i) there is a G K , generic over £ , with v(a) — 7; 

(ii) E(a) has value group TeIj), and residue field kE( a ) of size < k; 

(iii) if 7' G T' is such that there is a valued difference group isomorphism 
Te(7) — > 1^(7') over Te (in the language of MOD AG), and a' G K' 
is such that a 1 is generic over £ with v(a') — 7', then there is a valued 
difference field isomorphism £(a) — > £(a') over £ sending a to a! . 

Proof, (i) Fix c G K such that v(c) = 7. For each cr-polynomial P(x) over E, let 
Qp(x) be a fc-a-polynomial corresponding to (P, c), and define 

i.e. <pp(y) is the first-order formula with parameters from k saying "y is not a root 
of Qp~". Let 

p(y) := {fp(y) \ P is a cr-polynomial over E}. 

By Axiom 2, p(y) is finitely consistent, and hence consistent. So it's a type over 
E. Moreover by cardinality considerations, \p{y)\ < k <uj = n (since k is infinite). 
Since JC is K + -saturated, p{y) is realized in K. In particular, there is y G k such 
that y is not a root of any Qp. Choosing e G O with 7r(e) = y and setting a := ce, 
we then have that v(a) = 7 and a is generic for all cr-polynomials P(x) over E, i.e., 
a is generic over £. 

(ii) Since a is generic over £, it is clear that v(E(a) x ) = Te(j), which clearly 
has size at most n. Moreover, since each element of the residue field comes from 
an element of valuation zero, the size of is at most the size of the set 
{P (x) I P is a cr-polynomial over E and v(P(a)) = 0}, which, again by cardinality 
considerations, is at the most k. Thus |fc.E( )| < k. 

(iii) Finally notice that if b is generic over £, then v(P(bj) ^ 00 for any cr- 
polynomial P(x) over E; i.e., P(b) 7^ 0. So b is cr-transcendental over E. In 
particular, a and a' are cr-transcendental over E. Thus there is a difference field 
isomorphism : E(a) — > -E(a') over _E sending a to a'. But, since w(a) = 7, 
w(a') = 7', ^(7) = Te(Y) over r^, and a and a' are both generic over £, the 
valuations are already determined and matched up on both sides, i.e., ip is actually 
a valued difference field isomorphism. □ 

9. Embedding Theorem 

To prove completeness and relative quantifier elimination of the theory of mul- 
tiplicative valued difference fields, we would use the following test: 

Test 9.1. Let T be a a theory in a first order language C. Suppose that T has no 
finite models, that T is complete with respect to the atomic theory (i.e., for each 

atomic sentence -0of£,ThV'orTI 1^>), and that T has at least one constant 

symbol. Then the following are equivalent: 
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• T is complete and eliminates quantifiers. 

• In any model of set theory in which GCH holds, if A4,Af \= T are sat- 
urated models of T of the same cardinality, A C M. and B C J\f are 
substructures of cardinality strictly less than that of M. , and / : A — s- B is 
an jC-isomorphism, then there is an /^-isomorphism g : A4 — > M such that 
9\a = /• 

• If A4,Af |= T are K + -saturated for some infinite cardinal k > \T\, A C A4 
is a substructure of M. of cardinality at most k, f : A AT is an C- 
embedding, and a € A4, then there is a substructure A' of M. containing 
A and a and an extension of / to an ^-embedding g : A 1 Af. 

To that end we would like to know when can we extend isomorphism between 
"small" substructures, and the main theorem of this section, Theorem 9.5, gives an 
answer to that question. 

For the moment we will work in a 4-sorted language, where we have our usual 3 
sorts for the valued field K, the value group T and the residue field k, and we add 
to it a fourth sort called the RV. This represents the language of the leading terms 
introduced in [8], and explained further in [9] and [10] . We could have just worked 
with a 2-sorted language with K and RV (we call this the leading term language) . 
But the 2-sorted language is interpretable in and also interprets the 4-sorted lan- 
guage. So to make things more transparent we stick to the 4-sorted language. 
Before we proceed further, we would like to recall some preliminaries about the RV 
structures. Recall that we are always dealing with the equi-characteristic zero case. 

Preliminaries 

Let K. = (K, F, k; v, w, p) be a multiplicative valued field. Let O be the ring of 
integers, and m be its maximal ideal. Let K x , O x and k x denote the set of units 
of K, O and k respectively. As it turns out (1 + m) is a subgroup of K x under 
multiplication. We denote the factor group as RV :— K x /I + m and the natural 
quotient map as rv : K x — > RV. To extend the map to whole of K, we introduce a 
new symbol "oo" (as we do with value groups) and define rv(0) — oo. Though RV 
is defined merely as a group, it inherits much more structure from K,. 

To start with, since the valuation v on K. is given by the exact sequence 

1 o x — '->■ K x — V —^ r >- 

and since 1 + m < O x , the valuation descends to RV giving the following exact 
sequence 

1 >~ k x — ^ RV F ^ 

(note that x /l + m = (0/m) x = k x ). In fact, it follows straight from the 
definitions that, 

Lemma 9.2. For all non-zero x,y € K, the following are equivalent: 

(1) rv(x) = rv(y) 

(2) v(x -y)> v(y) 

(3) 7r(x/y) = 1 

Proof. See [10], Proposition 1.3.3. 

Also note that if x, y € 0, then the last condition is equivalent to saying 7r(a;) = 
Tr(y). And both (2) and (3) imply that v(x) — v(y). □ 
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Since a is multiplicative (and hence cr(m) = m), the difference operator on K 
induces a difference operator (which we again call by a) on RV as follows: 

a(rv(x)) := rv(a(x)). 



ft trivially follows that the induced er is also multiplicative with the same p. 
RV also inherits an image of addition from K via the relation 

®{x] w , . . . , x" v , z rv ) = 3x 1 ,..., X n , z EK (x] v = rv^ 1 ) A • • • A x" v = rv(x") A z rv = rv(z) A x x -\ \-x n = z). 

The sum x] v + ■ ■ ■ + x" v is said to be well-defined (and = z IV ) if there is exactly one 
z IV such that ©(a;J v , . . . , x™ v , z rv ) holds. Unfortunately this is not always the case. 
Fortunately, the sum is well-defined when it is "expected" to be. Formally, 

Lemma 9.3. rv(xi) + • • • + rv(x„) is well-defined (and is equal to rv(xi + • • • + x n )) 
if and only if v(x\ + • • ■ + x n ) = min{w(a;i), . . . , v(x n )}. 

Proof. See [10], Proposition 1.3.6, 1.3.7 and 1.3.8. □ 

Thus, we construe RV as a structure in the language £ rv := ,®,v,a, 1}. 
And finally, we have 

Proposition 9.4. T and k are interpretable in RV . 

Proof. See [10] . Proposition 3.1.4. Note that the proof there is done for valued 
fields. For our case, the difference operator on V is interpreted in terms of the 
difference operator on RV as a{v[x)) = v(a(x)). And since the nonzero elements 
x of the residue field are in bijection with x € RV such that v(x) — 0, cr{x) is 
interpreted in the obvious way as o~(x). □ 

Now we describe the embeddings. Let JC — (K,T, k, RV-v,tt,yv, p) and K! = 
(K' , r', k' , RV'; v' , 7r', rv', p) be two (T-henselian multiplicative valued difference fields 
of equal characteristic zero, satisfying Axiom 1 (with the given p). Recall that, by 
Lemma 5.10, K, and JC' satisfy Axiom 2 and Axiom 3. We denote the difference 
operator of both K, and K,' by a, and their ring of integers by O and O' respectively. 
Let £ = (E,TE,kE, RVE',v,Tr,rv, p) and £' = (E 1 , Te>, Ue 1 , RVe>; v', 7t', rv', p) be 
valued difference subfields of JC and JC' respectively. We say a bijection -0 : E — >• E' 
is an admissible isomorphism if it has the following properties: 

(1) -0 is an isomorphism of multiplicative valued difference fields; 

(2) the induced isomorphism ip rv : RVe — > RVe> in the language £ rv is elemen- 
tary, i.e., for all formulas f{x\, . . . , x n ) in £ rv , and £i, . . . , G RVe, 





(4) the induced isomorphism ip v : T e — > T e> is elementary, i.e, for all formulas 
ip{xi, . . . ,x n ) in the language of MODAG, and 71,... ,7 n € Te, 



r h fin, ■ ■ ■ ,7n) r' |= ^(^(71), . . . ,tp v {jn))- 
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(Note that it is enough to maintain (1) and (2) above, since (3) and (4) are conse- 
quences of (2) because of Proposition 9.3). 

Our main goal is to be able to extend such admissible isomorphisms. For this 
we need certain degree of saturation on JC and JC' . Fix an infinite cardinal n and 
lets assume that JC and JC' arc K + -saturated. Recall that, since the language is 
countable, such models exist assuming GCH. We then say a substructure £ = 
(E, Te, kE, RVe;v, 7r,rv, p) of JC (respectively of JC') is small if |Fe|,|/ce| < n. 
While extending the isomorphism, we do it in steps and at each step we typically 
extend the isomorphism from some E to E(a), which is obviously small if E is; 
and then reiterate the process k many times, which again preserves smallness. 
Eventually we reiterate this process countably many times and take union of an 
increasing sequence of countably many small fields, which also preserves smallness. 
Having said all that, we now state the Embedding Theorem. 

Theorem 9.5 (Embedding Theorem). Suppose JC,JC',£,£' are as above withJC,JC' 
k + -saturated and £,£' small. Assume tp : E — > E' is an admissible isomorphism 
and let a e K. Then there exist b e K' and an admissible isomorphism tp' : E(a) = 
E'(b) extending tp with tp(a) = b. 

Proof. Note that the theorem is obvious if T = {0}. So let's assume that T ^ {0}. 
Also wlog, we may assume a € Ok- We will extend the isomorphism in steps. Note 
that we have three cases to consider: 

Case(l). There exists c G E(a) such that 7r(c) <G k \ ks', 
Case(2). There exists c e E(a) such that v(c) e Y \ T E : 
Case(3). For all c e E(a),w(c) G k E and v(c) e T E - 

Step I: Extending the residue field 

Let c € E(a) be such that a := n(c) ^ k E - Since fc x RV, a e RV. By 
saturation of JC' , we can find a' € RV and an £ rv -isomorphism RV E (a) = RV E i(a') 
extending ip IV and sending r i-> r' that is elementary as a partial map between RV 
and RV. Note that then a' € k'. Now we have two cases to consider. 

Subcase I. a (respectively, a') is a-transcendental over kE (respectively, kE'). 
In that case, pick d £ O and d' € O' such that ir(d) = a and n(d') — a'. Then 
by Lemma 8.1, there is an admissible isomorphism £(d) = £'{d!) extending tj) with 
small domain (E(d) ,T E,fcs(a)) and sending d to d! . 

Subcase II. a is tr-algebraic over kE- Let P(x) be a cr-polynomial over 0$ such 
that P(a;) is a minimal tr-polynomial of a. Pick d € such that 7r(rf) = a. 
If P(d) 7^ already, then (P, d) is in cr-hcnscl configuration with j(P, d) > 0. 
Since JC is cr-henselian, there is e € such that P(e) = and n(e) = n(d) = a. 
Likewise, there is e' e C such that P^(e') = and Tr(e') = a', where is the 
difference polynomial over E' corresponding to P under tp. Then by Lemma 8.2, 
there is an admissible isomorphism £(e) = £'{&') extending tp with small domain 
(E(e),T E ,kE(c()) and sending e to e'. 

Note that in either case, we have been able to extend the admissible isomorphism 
to a small domain that includes a. Since E is small, so is E(a), i.e., \k E ^\ < n. 
Thus, by repeating Step I n many times, we are able to extend the admissible 
isomorphism to a small domain £\ such that for all c G E(a) with 7r(c) k E , we 
have 7r(c) € fc^i- Continuing this countably many times, we are able to build an 
increasing sequence of small domains £ = £q C £\ C • • • C £, C • • • such that for 
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each c £ Ei(a) with 7r(c) fc^, we have 7r(c) € kE i+1 - Taking the union of these 
countably many small domains, we get a small domain, which we still call £, such 
that tp extends to an admissible isomorphism with domain E and for all c £ E(a), 
we have 7r(c) £ Ue, i.e., we are not in Case(l) anymore. 

Step II: Extending the value group 

Let c £ E(a) be such that 7 := v(c) Te- Let b £ K be generic over £ 
with v(b) = 7. Let r := rv(fe). By saturation of JC' , find r' G RV and an £ rv - 
isomorphism RVE(r) = RV'{r') extending ^> rv , sending r i-> r', that is elementary 
as a partial map between i?y and iiV. Let 6' G if' be such that rv'(6') = r'. 

We claim that b' is generic over £' : for any P(x) — bL<r(x) L with fej, <E £", let 
P^ (x) = ^2aL&(x) L be the corresponding er-polynomial over E with cll £ E and 
^{il) — i>L- Since 6 is generic over £ , we have w(P^ (6)) = min{w(oi / ) + \L\ p ■ 7}, 
and hence by Lemma 9.3, we have 

rv(P*~\b)) =^2rv(a L a(b) L ) = ^ rv(a i )o-(rv(6)) i = ]T rv{a L )*(r) L . 

Then 

rv'(P(6')) =^rv(rv(P^ 1 (6))) ^^rvK^M 1 ) = £ rv'(6 l >(/) 1 ' = ^ rv'(6 £< T(b') 1 '), 

and hence by Lemma 9.3 again, we have v(P(b'j) = min{u(6i) + • i.e., 
6' is generic over £'. Then by Lemma 8.8, since JC satisfies Axiom 2, there is an 

admissible isomorphism from £(b) — £'(b') extending ip and sending b i-> 6'. 

Thus we have been able to extend the admissible isomorphism to a small domain 
that includes 7. Since E is small, so is E(a), i.e., |L B ( a )| < n. Thus, by repeat- 
ing Step II k many times, we are able to extend the admissible isomorphism to a 
small domain £\ such that for all c £ E(a) with v(c) L#, we have v(c) £ Te-l- 
Continuing this countably many times, we are able to build an increasing sequence 
of small domains £ = £q C £\ C • • • C C • • • such that for each c £ Ei (a) with 
v(c) £ r^, we have v(c) £ Te (+1 - Taking the union of these countably many small 
domains, we get a small domain, which we still call £, such that tp extends to an 
admissible isomorphism with domain E and for all c £ E(a), we have v(c) £ Te, 
i.e., we are not in Case(2) anymore. 

Step III: Immediate Extension 

After doing Steps I and II, we are reduced to the case when E(a) is an immediate 
extension of £ where both fields are equipped with the valuation induced by JC. Let 
£(a) be the valued difference subfield of JC that has E(a) as the underlying field. In 
this situation, we would like to extend the admissible isomorphism, not just to £(a), 
but to a maximal immediate extension of £(a) and use Corollary 6.10. However, for 
that we need £ to satisfy Axiom 2 and Axiom 3. Since Axiom 3 implies Axiom 2 
by Lemma 5.10, it is enough to extend £ such that it satisfies Axiom 3. Recall that 
JC satisfies Axiom 3. Now to make £ satisfy Axiom 3, for each linear (7-polynomial 
P(x) over Ice, if there is already no solution to P(x) in Jze, find a solution a £ k 
and follow Step I. Since there are at most k many such polynomials, we end up 
in a small domain. Thus, after doing all these, we can assume £ satisfies Axiom 2 
and Axiom 3. Let £* be a maximal immediate valued difference field extension of 
£(a). Then £* is a maximal immediate extension of £ as well. Similarly let £'* be a 
maximal immediate extension of £'. Since such extensions are unique by Corollary 
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6.8, and by Corollary 6.10 they can be embedded in JC (respectively JC') over £ 
(respectively £') by saturatedness of JC (respectively JC'), we have that ip extends 
to a valued field isomorphism £* = £'* . Since ks» — ks and Te» =Te, it follows 
by Snake Lemma on the following diagram that RVe* = RVe'- 



RV e 



T e 



■0 • 



1 



RV E * 



T E * 







Thus, the isomorphism is actually admissible. It remains to note that a is in the 
underlying difference field of £* . □ 



10. Completeness and Quantifier Elimination Relative to RV 

We now state some model-theoretic consequences of Theorem 9.5. We use '=' 
to denote the relation of elementary equivalence, and =^ to denote the relation of 
elementary submodel. Recall that we are working in the 4-sorted language £4 with 
sorts K for the valued field, T for the value group, k for the residue field and RV 
for the RV. The language also has a function symbol a going from the field sort to 
itself. Let JC = (K, T, k, RV; v, n, rv, p) and JC' = (K' ,V ,k' , RV';v' ,tt' , rv» be 
two cr-henselian multiplicative valued difference fields (in the 4-sorted language) of 
equi-characteristic zero satisfying Axiom 1 (with the same p). 

Theorem 10.1. JC = Ci JC' if and only if RV = £rv RV . 

Proof. The "only if" direction is obvious. For the converse, note that (Q, {0}, Q, Q; 
v, n, rv, p), with v(q) = 0, ir(q) = q and rv(q) = q for all q G Q, is a substructure of 
both JC and JC', and thus the identity map between these two substructures is an 
admissible isomorphism. Now apply Theorem 9.5. □ 

Theorem 10.2. Let £ = (E^Te^e, RVe',v,tt,iv, p) be a a-henselian multiplica- 
tive valued difference subfield of JC, satisfying Axiom 1, such that RVe =4c rv RV ■ 
Then £ =4c 4 fc- 

Proof. Take an elementary extension JC' of £. Then JC' satisfies Axiom 1, and is 
also cr-henselian. Moreover (E, Te, kE, RVe; • • • ) is a substructure of both JC and 
JC' , and hence the identity map is an admissible isomorphism. Hence, by Theorem 
9.5, we have JC =s JC' . Since £ =^£ 4 JC' , this gives £ =^£ 4 JC. □ 

Corollary 10.3. JC is decidable if and only if RV is decidable. 

The proofs of these results use only weak forms of the Embedding Theorem, 
but now we turn to a result that uses its full strength: a relative elimination of 
quantifiers for the theory of cr-henselian multiplicative valued difference fields of 
equi-characteristic that satisfy Axiom 1. 

Theorem 10.4. Let T be the C^-theory of cr-henselian multiplicative valued dif- 
ference fields of equi-characteristic zero satisfying Axiom 1, and <fi(x) be an £4- 
formula. Then there is an d-formula ip(x) in which all occurrences of field vari- 
ables are free, such that 

T h (f>(x) if(x). 
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Proof. Let ip range over /^-formulas in which all occurrences of field variables are 
free. For a model JC = (K, T, k, RV; v, 7r, rv, p) of T and a e K l , 7 e T m , a e k n 
and r e RV S , let 

rqftp K (a, 7, a, r) := {tp : JC \= <p(a, 7, a, r)}. 

Let JC, JC' be models of T and suppose 

(a, 7, a, r) e K l x L m x fc" x RV, (a', 7', a', r') e X'' x L' m x k' n x flf" 

are such that rqftp K {a, 7, a, r) = rqftp K (a', 7', a', r'). It suffices to show that 

tp K (a,'y,a,r)=tp lc '(a','y',a',r'). 

Let 5 (respectively £') be the multiplicative valued difference subfield of JC (respec- 
tively JC') generated by a, 7, a and r (respectively a', 7', a' and r'). Then there is 
an admissible isomorphism £ — > £' that maps a — > a', 7 — > 7', a — >• a' and r — >• r' . 
Now apply Theorem 9.5. □ 



11. Completeness and Quantifier Elimination Relative to {k,T) 

Although the leading term language is already interpretable in the language of 
pure valued fields and is therefore closer to the basic language, the definable sets 
in this language are really obscure. We therefore would like to move to the 3- 
sorted language with the valued field K, value group T and residue field k, where 
definable sets are much more transparent. It is well-known that in the presence of 
a "cross-section", the two-sorted structure (K,RV) is interpretable in the three- 
sorted structure (K,T,k). As a result any admissible isomorphism, as defined in 
the section on Embedding Theorem, boils down to one that satisfies properties (1), 

(3) and (4) only, because in the presence of a cross-section, (2) follows from (3) and 

(4) . What that effectively means is that now we have completeness and quantifier 
elimination relative to the value group and the residue field. Before we can make 
all these explicit, we need to know when multiplicative valued difference fields can 
be equipped with a cross-section. So let JC = (K, T, k; v, it, p) be a multiplicative 
valued difference field. 

Definition 11.1. A cross-section s:r^i4T x on/Cisa cross-section on JC as 
valued field such that for all 7 e T and r = X)j=o *j (T "' "= ^[ <J ]i 

S (r( 7 )) = ^(7))', 

where I = (i , ■ ■ ■ , i n ). As an example, for Hahn difference fields k((t r j) we have a 
cross-section given by s(-f) = P . 

Recall that we construe K x as a left Z[<r]-module (w.r.t. multiplication) under 
the action 

n 
3=0 

where I = (iq, . . . ,i n ) (we will freely switch between these two notations and the 
corresponding I or the ij's will be clear from the context); similarly we construe T 
also as a left Z[cr]-module (w.r.t. addition) under the action 

n n 
3=0 j=0 
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Also, since v(a(a) 1 ) — Y^j=o hP* ' w ( a )> we have an exact sequence of Z[<r] -modules 

1 ^O x — L -^K X -^T *-0 , 

where O x is multiplicative group of units of the valuation ring O. Clearly then, 
existence of a cross-section on K. corresponds to this exact sequence being a split 
sequence. Before we proceed further, we need a few preliminaries from algebra. 



Preliminaries. Let R be a commutative ring with identity (for our case R = Z[cr]). 

Definition 11.2. For two left i?-modulcs N C M, N is said to be pure in M 
^ yr ) if for any m — by — n matrix (rtj ) with entries in i?, and 



(notation: /yc£. 

any set j/i,... ,y m of elements of N, if there exist elements x\, 
that 



,x n £ M such 



i=i 



2/i 



for i 



;^ , . . . , x' n € N such that 
for i = 1 



, m. 



then there also exist elements 

Definition 11.3. If M, N are left i?-modules and / : N — > M is an injective 
homomorphism of left i?-modules, then / is called pure injective if f(N) is pure in 

M (notation: f -. ). 

Definition 11.4. A left R- module E is called pure-injective if for any pure injective 
module homomorphism / : X — > Y, and an arbitrary module homomorphism 
g : X — ¥ E, there exist a module homomorphism h : Y — > E such that hf — g, i.e. 
the following diagram commutes: 

/ 



E 



Y 



□ 



Theorem 11.5. Every \R\ + -saturated left R-module E is pure-injective. 
Proof. See [14] . page 171. 

That's all the preliminaries we need. Since Z[c] is countable, any Hi-saturated 
Z[cr]-module is pure injective by Theorem 10.5. So let's assume JC is Hi-saturated. 
Then O x is also Hi-saturated (as it is definable in K.) and hence pure-injective. 
Now since we have the exact sequence 



1 



T- 



, 



if we can show that O x is pure in K x , then we will be able to complete the following 
diagram 



CP 



id 



O' 
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which will give us a splitting of the above exact sequence. 

Unfortunately O x is not pure in K x in general. As it turns out, if p is transcen- 
dental, then O x is pure in K x without any further assumption on JC. However, if 
p is algebraic, we need a further axiom to have the cross-section exist. 

Case I : p is transcendental 

In this case, T is torsion free as a Z[cr]-module, as Y^j=o hP* 7^ f° r an y tuple 
I = (i , ...,i n )e Z™ +1 , 1^0. Thus, for any w € O x and J G Z™ +1 with J ^ 0, 
if <t(to) / = w for some m € K x , then we have 

n 

ij/^ • u(m) = v(a-(m) 1 ) — v(w) = 0, 

j=o 

which implies u(m) = 0, i.e., m e O x . 

Now suppose we have a system of equations Y^j=i(Qij) x j = Vi-> * = 1, • • • , "i, 
with Qjj's from Z[ct] and yi's from O x , which has a solution x = (x\, . . . ,x n ) T in 
K x . Let M = (Qij) be the corresponding m—by—n matrix and 7 = . . . , v{x n )) T . 

Then Mj — is the corresponding Z[a] -linear system over T. li m > n, then by 
elementary linear algebra we know that at least (m — n) equations are linearly de- 
pendent on the remaining n equations, and doesn't give us any new information. 
So by row reduction, we may assume that m < n. Now if to < n, then again by 
elementary linear algebra, we know that there are at most to pivot columns and 
hence at least (n — to) free columns (variables), which means we may assign any 
value to those variables and still have a solution for the whole system. Assigning 
the value to those free variables, we may assume m = n, i.e., it is a square system. 
If the determinant of M is zero, then again one of the rows is linearly dependent 
on the other rows, and by row reduction we can reduce to one of the earlier cases. 
Thus, we may assume M has non-zero determinant. But such a system has the 
unique solution 7 = 0, which implies the Xi's are already in O x . 

Hence, O x is pure in K x . And so we have a cross-section s : T — > K x . 

Case II : p is algebraic 

Let P{x) = io + i\x + • • • + i n x n be the minimal (monk) polynomial of p over 
Z. Let / = (io, ...,i n ) and define 

n 

3=0 

Note that for any a e K x , v((P a )a) = w((Ej=o *j crJ ) a ) = "(""(a) 7 ) = p (p) ' v ( a ) = 
0. Clearly in this case, T is not torsion-free. In fact, for any 7 G T, Tor(j) = (P a ) 7 
which is a prime ideal in Z[cr]. To make things work here, we need the following 
axiom: 

Axiom 4. V 7 e T 3a e K x (v(a) = 7 A (P a )a = 1). 
To check that this works, let us define 

G K = {aeK x : (P cr )a = 1} and 
Go = {aeG K : v(a) = 0} 
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It is routine to check that Gk is a subgroup of K x , and Go is a subgroup of 
O x . Since both of them are definable in IC, they are Ni-saturated too, and hence 
pure-injective. Moreover by Axiom 4, v\q k : Gk — > T is surjective, and so 

1 > Go — ^ G K -2->. r 

is an exact sequence. We claim that Go is pure in Gk ■ 

Note that, for any S € Z[<r], we can write 5 = QP a + R, for some S,R £ 7L\o\ 
with i? = or deg(i?) < deg(P <T ). Then, for any a € Gk, we have 

(S> = (QP a + R)a = {Q){P°)a ■ (R)a = (Q)l ■ (i?)a = (P)a, 

i.e., Gk as a Z[cr]-module is isomorphic to Gk as a Z[CT]/(P cr )-module. Similarly 
for Go- Moreover it follows that if R ^ 0, i.e., if P a docs not divide S, then 

(S)v(a) = => (iZ)u(a) = =>■ u(a) = 0, 

the last equality follows from the fact that deg(P) < deg(P cr ) and P is the minimal 
polynomial for p. Thus, T is torsion-free as a Z[cr]/(P <T )-module. Therefore, the 
sequence 

1 Go G K r 

is exact as a map of Z[cr]/(P cr )-modules. As T is now torsion-free as a Z[cr]/(P cr )- 
module, we can follow the same argument as in the transcendental case and have 
that Go is pure in Gk (recall that Z[<7]/(P CT ) is an integral domain as (P a ) is a 
prime ideal). In particular, there is a section s : T — ¥ Gk as a map of Z[er]/(P°')- 
modules, which is easily seen to be a map of Z[<r]-modules also, since Gk as a 
Z[cr]-module is isomorphic to Gk as a Z[cr]/(P CT )-module. Since Gk is a subgroup 
of K x , we have our required section s : T — > K x . 

The upshot of all these is the following 

Theorem 11.6. Each multiplicative valued difference field IC = [K, T, k; v, 7T, p) 

satisfying Axiom 4 has an elementary extension which can be equipped with a cross- 
section. 

Remark 11.7. (1) Note that if p is an honest integer, say n, then P(x) = x — n 
and hence P a (x) — x~ n o~(x). Thus for p = n, Axiom 4 says : 

V7 e T 3a e K x (v(a) = 7 and a(x) = x n ). 

For p — 1, this is precisely the axiom of "enough constants" of [T|. Fol- 
lowing this analogy, we will say that K, has enough constants if either p 
is transcendental, or p is algebraic with minimal polynomial P{x) and K, 
satisfies Axiom 4. 

(2) If p — 1 and IC is cr-henselian, then JC satisfies Axiom 4 automatically : Let 
7 e T. WMA 7 > 0. Let c e K be such that v(c) = 7. Consider 

Q{e) = a{e) - 

Note that v( ) = 0. Hence, Q is a linear cr-polynomial over O. Thus, 
Vcr(c)/ 

0(e) is a linear cr-polynomial over k. Since k is linear difference closed (by 
Lemma 5.10), we can find e £ k such that Q(e) = 0. Choose e E O such 
that 7r(e) = e. In particular, v(e) = and (Q, e) is in cr-hensel configuration 
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with 7(Q, e) > 0, and hence has a root, say b, with v (b — e) = 7(Q, e) > 0. 
This forces v(b) — and 



er(c&) = <t(c)(t(6) = cb. 



(3) 



Note that w(cfe) = v(c) + v(b) = 7. Set a :— cb. 

If p = I € <Q>, then one might follow the pattern of (2) and, instead of 
imposing Axiom 4 on /C, demand that the residue field k is not only linear 
difference closed, but also satisfies equations of the form 



Q(x) = a(x)-ax p/q , 



where a € k. Then Axiom 4 is automatically enforced on a tr-henselian 
1C. However, it should be noted that taking this approach is stronger than 
imposing Axiom 4, because Axiom 4 doesn't necessarily imply solutions to 
such equations in the residue field. 
(4) Axiom 4 is consistent with the other axioms. In particular, the formal 
power series fields described in Section 7 are a model of Axiom 4 too. For 
each 7, one special element from k((t T )) satisfying Axiom 4 is i 7 . Also note 
that the map s : T — > k((t r )) x sending 7 H> t 7 is a cross-section on k((t r )). 

Once we have the cross-section in place, we have the following result: 

Proposition 11.8. Suppose K, has a cross-section s : T — > K x . Then RV is 
interpretable in the two-sorted structure (T, k) with the first sort in the language of 
MOD AG and the second in the language of difference fields. 



Proof. Let S = {T x k x ) U {(0,0)}. Note that S is a definable subset of T x k 
(in particular, the second co-ordinate is zero only when the first is too). Define 
/ : S -> RVU {00} by 



Now it follows from [TU], Proposition 3.1.6, that / is a bijection, and that the inverse 
images of multiplication and on RV are definable in S. Moreover, if a 7^ 0, then 
v(s('j)a) = v(s(~f)) + v(a) =7 + = 7, and if a = 0, then v(oo) — 00. Thus 
the inverse image of the valuation map is {((7, a), 7)} U {((0, 0), 00)}. Finally, since 
<x(s(7)a) = s(a(j))a(a), the inverse image of the difference operator on RV is given 
by {((7, a), ((7(7), a(a)))}. Hence the result follows. □ 

As an immediate corollary of Proposition 11.8 and Theorem 11.6, we have 

Corollary 11.9. IffC = (K, F, k, RV; v, it, rv, p) andJC 1 = (K',T',k',RV';v',n',Tv',p) 
are two multiplicative valued fields satisfying Axiom 1 ( with the same p ) and Axiom 
4, and r = r' in the language of MOD AG and k = k' in the language of difference 
fields, then RV =c„ RV . 

This allows us to work in the 3-sorted language £3, where we have a sort K 
for the valued field, a sort T for the value group and a sort k for the residue 
field, eliminating the need for the RV sort. Recall that the language also has a 
function symbol a going from the field sort to itself. Combining Corollary 11.9 
with Theorems 10.1, 10.2 and 10.4 and Corollary 10.3, we then have the following 
nice results. Let K = (K, T, k; v, ir, p) and K! = (K' ,V ,k';v' ,ir' , p) be two a- 
henselian multiplicative valued difference fields, satisfying Axiom 1 (with the same 
p) and Axiom 4, of equi-characteristic zero. Then 
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Theorem 11.10. JC =c 3 KJ if and only ifT = T' in the language of MOD AG and 
k = k' in the language of difference fields. 

Theorem 11.11. Let £ = (E, Te, fc^; v, n, p) be a a-henselian multiplicative valued 
difference subfield of JC, satisfying Axiom 1 and Axiom 4, such that Te =4 T in 
the language of MOD AG and kE =4 k in the language of difference fields. Then 

Theorem 11.12. JC is decidable if and only ifT and k are decidable. 
And finally, 

Theorem 11.13. Let T be the C^-theory of a-henselian multiplicative valued dif- 
ference fields of equi- characteristic zero satisfying Axiom 1 and Axiom 4, and <j)(x) 
be an L^-formula. Then there is an Lz-formula <f(x) in which all occurrences of 
field variables are free, such that 

T h 4>{x) <^=> ^{x). 
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Abstract. The theory of valued difference fields (K, cr, v) depends on how the 
valuation v interacts with the automorphism cr. Two special cases have already 
been worked out - the isometric case, where v(a(x)) = v(x) for all x £ K, has 
been worked out by Luc Belair, Angus Macintyre and Thomas Scanlon [2]; and 
the contractive case, where v(cr(x)) > nv(x) for all n £ N and x £ K x with 
v(x) > 0, has been worked out by Salih Azgin [4|. fn this paper we deal with a 
more general version, called the multiplicative case, where v(a(x)) = p ■ v(x), 
where p (> 0) is interpreted as an element of a real-closed field. We give an 
axiomatization and prove a relative quantifier elimination theorem for such a 
theory. 



1. Introduction 

A valued field is a structure K. — (K, T, k;v,7v), where K is the underlying 
field, r is an ordered abelian group (called the value group), and k is a field; 
v : K — >• r U {oo} is the (surjective) valuation map, with the valuation ring (also 
called the ring of integers) given by 

O k ■= {aeK : v(a) > 0}, 

with a unique maximal ideal given by 

rtiK ■= {a e K : v(a) > 0}; 

and 7r : Ok — > k is a surjective ring morphism. Then tt induces an isomorphism of 
fields 

a + txik ^ ?r(a) : Ok/w-k — > k, 
and we identify the residue field Ok / Wk with k via this isomorphism. Accordingly 
k is called the residue field. When K is clear from the context, we denote Ok and 
v&k by O and m respectively. 

A valued difference field is a valued field K, as above with a distinguished auto- 
morphism (denoted by a) of the base field K, which also satisfies u{Ok) = Ok- It 
then follows that a induces an automorphism of the residue field: 

tv (a) i y tv (a (a)) : k — > k, a £ Ok- 

We denote this automorphism by a; and k equipped with a is called the residue 
difference field of /C. Likewise, a induces an automorphism of the value group as 
well: 

7 i-> (7(7) := v(a(a)), where 7 = v(a). 
We denote this automorphism also by cr, and construe the value group as an ordered 
abelian group equipped with this special automorphism, and we call it the valued 
difference group. 

Depending on how the automorphism interacts with the valuation, we get dif- 
ferent structures and hence different theories. For example, a is called isometric 
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if v(o~(x)) = v(x) for all x £ K; and is called contractive if v(a{x)) > nv(x) for 
all n 6 N, and x € if x with > 0. The existence of model companions of 
both these theories have been worked out in detail pQ, [2], [3J, 0]. There also has 
been a related work recently that needs mention. It is the work on valued ordered 
difference fields and rings by Francoise Point [11]. Note that in this theory the 
valued field itself is ordered, which, at least on the face of it, makes this theory 
quite different from the others mentioned. 

Note that no matter how the automorphism interacts with the valuation, if we 
want any hope of having a model companion of the theory of a valued difference 
field, we better have a model companion of the theory of the valued difference 
group at least. But unfortunately, by Kikyo and Shelah's theorem [5], the theory 
of a structure with the strict order property (e.g., an ordered abelian group) and a 
distinguished automorphism doesn't have a model companion. So we need to put 
some restriction on the automorphism. In the isometric case, a induces the identity 
automorphism on the value group; and so in this case, the value group is only an 
ordered abelian group, whose model companion is the theory of the ordered divisible 
abelian groups (ODAG). However, in the case when the induced automorphism 
is not the identity, the model companion (if it exists) should be able to decide 
how to extend the order between linear difference operators. In particular, for any 
^(7) = S™=o a i <jl (7)j where 6 Z, o„ / and 7 > 0, the model companion 
should be able to decide when £(7) > 0. In the contractive case, it is easily decided 
by the following condition: 

L(j) > a n > 0. 

However, in more general cases, the decision criteria are not so simple. For 
example, it is not known whether the theory of an ordered abelian group T with 
a strictly increasing automorphism (17(7) > 7 for all < 7 <E T) has a model 
companion. So we restrict ourselves to a more specific case, where we impose that 
the induced automorphism a on the value group should satisfy the following axiom 
(scheme): for each ao, . . . , a n € Z and £(7) = J2"=o a i°~ l (l)i 

(V7 > 0(L(7) > 0)) \/ (V 7 > 0(£( 7 ) = 0)) \/ (V 7 > 0(2,(7) < 0)) (Axiom 

It follows that for all a, b G Z + , 

(V7 > 0(aa( 7 ) > 67)) y (V 7 > 0(aa( 7 ) = 67)) \/ (v 7 > 0(aa(j) < 67)), 

which is nothing but cuts with respect to rational multiples. Equivalently, we can 
also represent a as 

(7(7) = p ■ 7 

for all 7 6 r, where p is interpreted as an element of an ordered ring, p > and 
we make sense of the "multiplication" by defining the type of p by Axiom OM. T 
is then understood as an ordered module over that ordered ring. We call such a T 
a multiplicative ordered difference abelian group (henceforth, MOD AG). We will 
show in Section 2 that the theory of such a T has a model companion, the theory of 
multiplicative ordered divisible difference abelian group (henceforth, MOD DAG). 

In this paper we are thus interested in dealing with this more general case. We 
call er multiplicative if a induces the structure of a MOD AG on T via the rule 

v(a(x)) = p.v(x) for all x e K, 
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where p > (as interpreted in an ordered ring). The induced automorphism on the 

value group then satisfies 17(7) = p. 7 for all 7 6 T. p is intended to be interpreted 

5 

as an element of a real-closed field; for example, p — 2, or p — — , or p = v2, or 

o 

p = 7r, or p = 3 + 5 where S is an infinitesimal, etc. 

Three quick points should be noted here. First, we construe a MO DAG T as 
an ordered Z[p, p _1 ]-module, where we think of p ■ 7 as 17(7) and p _1 • 7 as <r -1 (7). 
Clearly, p m • 7 = cr m (7) for all m G Z and all 7 £ T. To be able to extend T 
to a model of MODDAG, we would then want divisibility by "non-zero" linear 
difference operators, which typically look like L = Yli=i a lP + TmL\^iP~ 1 1 with 
a n 7^ 7^ £> m . Any question of solvability of a system L ■ x — b for fceT, can then 
easily be transformed to a question involving only p, by multiplying the equation 
throughout by p m . Thus, (X^ILi a ip l + Szlli bip~ l ) ■ x = b is solvable if and only if 
(Ya—i aip m+l + X)"=i bip m ~ l ) ■ x = p m (b) is solvable. In particular, for all practical 
purposes we can think of T as a Z[p]-module, with the understanding that p has an 
inverse. 

The second point to be noted is that if (7(7) = p ■ 7, then a^ l {^) = p^ 1 -7. In 
particular, if < p < 1, we can shift to er -1 , and instead work with p^ 1 > 1. Thus, 
without loss of generality, we may assume that p > 1. 

And finally, the third point to be noted is that this is a generalization over the 
isometric and the contractive cases. The case p = 1 is precisely the isometric case; 
and the case "p = 00", i.e., when all < 7 G T satisfy for all b € Z + , p ■ 7 > 67, is 
the contractive case. We can have other finite and infinitesimal values for p as well. 

Also one more thing needs mention here about the characteristics of the relevant 
fields. Any automorphism of a field is trivial on the integers. Thus for any n G Z, 
we have tr(n) = n. In particular, this means that for any prime p, if v(p) > 0, then 
v (p) = v(a(p)) = p.v(p), which implies p = 1. Thus the mixed characteristic case 
doesn't arise for p > 1, and the mixed characteristic case for p = 1 has already been 
dealt with in [2]. The equi-characteristic p case even without the automorphism 
is too non-trivial and is not known yet. So we will restrict ourselves only to the 
equi-characteristic zero case in this paper. 



2. Multiplicative Ordered Difference Abelian Group (MOD AG) 

We work in the language of ordered groups with a symbol for an automorphism 
and its inverse £ p .,< = {+, — , 0, <, p-, p^ 1 -}- 

The Hp. ^-theory T p ..< of ordered difference abelian groups can be axiomatized 
by the following axioms: 

(1) Axioms of Abelian Groups in the language {+, -, 0} 

(2) Axioms of Linear Order in the language {<} 

(3) • \fx\fy\fz(x < y => x + z < y + z) 



(4) Axioms mentioning p- and p ■ are endomorphisms, and they are inverses 
of each other - thus making p an automorphism. 

Note that T p ..< is an universal £ p ..< -theory. 
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Unfortunately the theory of ordered abelian groups has the strict order property. 
And hence, by Kikyo and Shelah's theorem [5], we cannot hope to have a model 
companion of the theory of ordered difference abelian groups. 

However, if we restrict ourselves to very specific kind of automorphisms, we do 
actually get model companion. The intended automorphisms are multiplication by 
an element of a real-closed field, for example, p-x — 2x, or p-x — or p-x = 5x, 
where 6 could be an infinite or infinitesimal element. 

The problem, however, is that in general abelian groups such multiplications do 
not make sense. But since integers embed in any abelian group, by imitating what 
we do for real numbers, we can make sense of such multiplications. 

m times 

Note that for an abelian group G, multiplication by N makes sense: mg := g + • • • + g . 
Taking additive inverses, multiplication by Z also makes sense: (—m)g := — (mg). 

If G is torsion-free divisible, multiplication by Q makes sense: — g = := the 

n n 

unique y such that ny — mg. 

We carry this idea forward and define cuts with rational numbers to make sense 
of multiplication by irrationals. And in the process we get multiplication by infinite 
numbers and infinitesimals as well. Unfortunately this idea doesn't quite work and 
so we need a little stronger axiom as we will see below. 

Our intended models are the additive groups of ordered Z[p, p _1 ]-modules. For 
i G N, we denote 

i times 



times 



p l ■ x := f p ■ p ■ . . . ■ p-x and p 1 ■ x :— p 1 • p 1 • . . . • p ■ x. 
As noted in the introduction, for all practical purposes, we can restrict ourselves 
only to ordered Z[p]-modules. There is a natural map $ : Z[p] — > End(G), which 
maps any L := m^p k + m} c -ip k ~ 1 + . . . + rti\p + too (thought of as an element of 
Z[p] with the to^'s coming from Z), to an endomorphism L : G — > G. Such an L 
is called a linear difference operator. And we make sense of this multiplication by 
imposing the following additional condition on p: for each L e Z[p], 

(Vx > (L-x > 0)) \/ (Vx > (L-x = 0)) \J (Vx > {L-x < 0)) (Axiom OM) 

(OM stands for Ordered Module). It immediately follows that for each a, b 6 Z + , 

(Vz > (ap ■ x > bx)j \J (yx > (ap ■ x — bx)j \J (yx > (ap ■ x < bx)j 

which is nothing but cuts with respect to rational multiples (recall that since we 
are considering only order-preserving automorphisms, p > 0). For any p satisfying 
Axiom OM, we also define the order type of p (relative to T) as 

otp r (p) := {L e Z[p] :VxeT (x>0 L-x> 0)}, 

and we say two p and p' are same if they have the same order type. 

Note that Axiom OM is consistent with Axioms 1-4 because any ordered abelian 
group is a model of these axioms with p = 1. Also note that with this axiom Z[p] 

becomes an ordered commutative ring: L\ ^ L2 iff Vx > 01 (Li — L2) ■ x ^ 0). 



Definition 2.1. An ordered difference abelian group is called multiplicative if it 
satisfies Axiom OM. The theory of such structures (called as MOD AG) is axiom- 
atized by Axioms 1-4 and Axiom OM. Note that this theory is also universal. 
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We also denote by MOD AG p the theory MOD AG where the order type of p is 
fixed. 

If there is a non-zero L e Z[p] such that > 0(L ■ x = 0), we say p is algebraic 
(over the integers); otherwise we say p is transcendental. If p is algebraic, there is 
a minimal (degree) polynomial that it satisfies. 

Note that the kernel of 4> need not be trivial. For example, if p ■ x = 2x for all 
x, then p — 2 £ Kcr($). In particular, Ker($) is non-trivial iff p is algebraic. We 
then form the following ring: 

Z[p] := Z{p]/Ker •($). 

Definition 2.2. A difference group G is called divisible (or linear difference closed) 
if for any non-zero L £ Z[p] and b £ G, the system L • x = & has a solution in G. 

Definition 2.3. Let MODDAG be the £ Pj <-theory of non-trivial multiplicative 
ordered divisible difference abelian groups. This theory is axiomatized by the above 
axioms along with 

3x(x ^ 0) 

and the following additional infinite list of axioms: for each L £ %>[p], 

(V 7 £ T(L • 7 = 0)) V (V 7 £ T 35 e F(L ■ S = 7)) , 

i.e., all non-zero linear difference operators are surjective. Thus, MODDAG is an 
VB-theory. Similarly as above, we denote by MODDAG p the theory MODDAG 
where we fix the order type of p. 

We would now like to show that MODDAG is the model companion of MOD AG. 
By abuse of terminology, we would refer to any model of MOD AG (respectively 
MODDAG) also as MOD AG (respectively MODDAG). 

Remark. It might already be clear from the definitions above that for a given 
p, MODDAG p is basically the theory of non-trivial ordered vector spaces over the 
ordered field Q(p) and then quantifier elimination actually follows from well-known 
results. However, here we are doing things a little differently. Instead of proving 
the result for a particular p, we are proving it uniformly across all p using Axiom 
OM. And even though in the completion the type of p is determined and the theory 
actually reduces to the above well-known theory, nevertheless it makes sense to 
write down some of the trivial details just to make sure that nothing fishy happens. 

Lemma 2.4. MOD AG and MODDAG are co-theories. 

Proof. We will actually prove something stronger: for a fixed p, MOD AG p and 
MODDAGp are co-theories. Any model of MODDAGp is trivially a model of 
MOD AG p . So all we need to show is that we can embed any model G of M ODAG p 
into a model of MODDAGp. 

If G is trivial, we can embed it into Q with any given p. So without loss of 
generality we may assume, G is non-trivial. 

Let Z[p] + := {L £ Z[p] : L > 0}. Define an equivalence relation ~ on G x Z[p] + 
as follows: 

( 5 ,L)~ ((?',£') <=^> L'-g = L-g'. 
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Rcflcxivity and symmetry are obvious. For transitivity, suppose 
{g,L)~( g ',L') and (</, L') ~ (g", L"). 

Then, 

L'-g = L-g' and L' ■ g" = L" ■ g' . 

Applying L" to the first equation and L to the second equation, we get L" ■ L' ■ g = 
L" ■ L ■ g' and L ■ V ■ g" — L ■ L" ■ g' . Since these operators commute with each 
other, we can rewrite this as: 

L' ■ L" ■ g = L" -L'-g = L"-L-g' = L- L" ■ g' = L ■ L' ■ g" = L' ■ L ■ g", 

i.e., V ■ (L" g-L- g") = 0. Since V e Z[p] + , i.e., V > 0, we have L" ■ g = L ■ g", 
i.e.,(g,L)~(g",L"). _ 

Let denote the equivalence class of (g,L) and let H = G x l\p] + / ~. 

We define + on H by [(g, L)\ + [(h, P)} = [P ■ g + L ■ h, L ■ P], where by L ■ P we 
mean L o P. 

To show that this is well-defined, let (g, L) ~ (g', L'). Want to show that [(g, L)] + 
[(h, P)] = [(g', L')] + [(h, P)], i.e., [(P-'g + L- h, L ■ P)] = [(P ■ g' + L'-h,L'- P)}. 
In other words, we want to show that 

(P-g + L-h,L-P)^(P-g' + L / -h,L' ■ P). 

But, 

L-(P-(P-g' + L'-h)) = L-P-P-g' + L-P-L'-h = P-P-L-g' + L'-P-L-h 

= P-P-L'-g + L'-P-L-h = L'-P-P-g + L'-P-L-h = L'-{P-{P-g + L- h)). 

Hence, + is well-defined. Similarly, we can define — by 

[(g,L)]-[(h,P)} = [(P-g-L.h,L.P)]. 

This is also well-defined. It follows easily that (H, +, — ) is an abelian group, where 
[(0, 1)] is the identity and [(—g, L)\ is the inverse of [(g, L)]. 

We define an automorphism of H (which we still denote by p-) as follows: let 
p ■ [(g, L)] = \{p ■ g, L)]. It is easy to check that this is well-defined and defines an 
automorphism of H. 

For any non-zero L € Z[p] and any [(h,P)] G H, we have 
L.[(h,P-L)] = [(L.h,P-L)] = [(h,P)}. 
Hence, H is linear difference closed or divisible. 

We extend the order as follows: 

[(g,L)\ < [{g',L')\ L' ■ g < L ■ g' '. 

If g,h £ G with g < h, then [(g, 1)] < [(h, 1)]; so this extends the ordering on G. 
Moreover, for [(ai,Li)] < [(02,^2)] and [(61, Pi)] < [(62,^2)], we have L 2 ■ ai < 
L\ ■ a-i and P2 ■ b\ < Pi ■ 62- Then, 

P 1 -P 2 -L 2 -a 1 +L 1 -L 2 -P2-bi < P 1 -P 2 -L 1 -a 2 + L 1 -L 2 -Pi- b 2 
i.e., L 2 ■ P 2 ■ (Pi • ai + L x ■ h) < L x ■ P 1 ■ (P 2 • a 2 + L 2 ■ b 2 ) 
i.e., [(Pi -oi +Li -6i,Li -Pi)] < [(P 2 -a 2 +L 2 -b 2 ,L 2 -P 2 )} 
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Also, 

[(a, L)] < [(&, P)] ^ P-a<L-b <^ p-P-a < p-L-b P-p-a < L-p-b <^> [(p-a, L)} < [(p-b, P)]. 
Finally, for any LgZ[p], and x > and P G Z[p],, we have 

L-[(x,P)] > [(0,1)] [L-x,P] > [(0,1)] L-zX). 

Hence, is a multiplicative ordered divisible difference abelian group. 

Claim. G embeds into H. 

Proof. Define t : G -> iJ by = [(.g, 1)]. Then 

t (0) - [(0, 1)]; L(g + h) = [(g+h, 1)] = [(.g, l)] + [(ft, 1)]; u(-g) = [(-<?, 1)] = -[(g, 1)]. 

Also, i(p-.g) = [(p- 5 ,l)]=/9-[(5,l)]. 

And, ff < ft 4.9) = [(5, 1)] < [(A, 1)] = <ft). 

Moreover, if H' \= MODI) AG p and j : G H' is an embedding, then let 
ft : _ff — >• H' be given by ft([(g,L)]) = [(j(g), L)]. It is routine to check that h is 
a well-defined embedding, preserves order and j = ft o t. We, thus, call as the 
(multiplicative) divisible hull of G. □ 

We have thus shown that for a fixed p, MOD AG p and MODDAG p are co- 
theories. In fact, since (MODDAG p )v = MODAG p , what we have actually shown 
is that MODDAGp has algebraically prime models, namely the (multiplicative) 
dvisible hull. We will now show that MODDAGp eliminates quantifiers. 

Lemma 2.5. MODDAGp has quantifier elimination. 

Proof. The relevant p's correspond bijectively to the numbers 1, 1 + e, a — e, b, a + 
e, 1/e, where we fix some positive infinitesimal e in an ordered field extension of the 
field K of real numbers, and a ranges over the real algebraic numbers > 1, and b 
over the real numbers > 1. For each such p, we have the ordered field Q(p). The 
construction in Lemma 2.4 essentially shows that MODDAGp is the theory of non- 
trivial ordered vector spaces over the ordered field Q_(p), which admits quantifier 
elimination by well-known standard results, see [12] . □ 

Thus, MODDAGp eliminates quatifiers. In particular, MODDAGp is model 
complete. Moreover, for a fixed p, Q(p) with the induced ordering is a prime model 
of MODDAGp. In particular, MODDAGp is complete. Note that MODDAG 
is not complete; its completions are given by MODDAGp by fixing a (consistent) 
order type of p. Finally we have, 

Theorem 2.6. MODDAG is the model companion of MOD AG. 

Proof. By Lemma 2.4, MOD AG and MODDAG are co-theories. All we need to 
show now is that M ODD AG is model complete. 

So let G C H be two models of MODDAG. Want to show that G <H. 

Since G C H and both are non-trivial, in particular they have the same order 
type of p. Thus, for some fixed p,G,H \= MODDAGp. But MODDAGp is model 
complete. 

Hence, G r< H. □ 
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3. Preliminaries 

Let K, < K! be an extension of valued fields. For any a G K! , K{a) denotes the 
smallest difference subfield of K! containing K and a. The underlying field of K(a) 
is K(<j l (a) : i e Z). In literature a difference field generally means a field with 
an endomorphism. For our case, a difference field always means a field with an 
automorphism. So "the smallest difference subfield" in our context actually means 
the smallest inversive difference subfield. 

For any (n + 1 )-variable polynomial P(X , . . . , X n ) G K[X , . . . , X n ], wc define 
a corresponding I-variable cr-polynomial f(x) = P(x, cr(x), <r 2 (x), . . . , a n (x)). We 
define the degree of / to be the total degree of P; and the order of f to be the 
largest integer < d < n such that the coefficient of a d (x) in f(x) is non-zero. If 
/ G K, then order(/) := — oo. Finally we define the complexity of / as 

complexity(/) := (d, deg x J,deg f) e (NU {-oo}) 3 , 

where complexity(O) := (— oo, — oo, — oo) and for / G K,f ^ 0, complexity(J) := 
(—00,0,0). We order complexities lexicographically. 

Let x = (xo, ■ ■ ■ ,x n ), y = (yo, ■ ■ ■ ,y n ) be tuples of indeterminates and a = 
(fflo,...,a n ) be a tuple of elements from some field. Let J = (io, . . . ,i n ) be a 
multi- index (I G Z" +1 ). We define the length of J as \I\ := io + ■ ■ ■ + i n and 
a 1 := a ° ■ ■ ■ a l £ . For any element p of any ring, we define the p-length of J as 
\I\ p := iop° + iip 1 + • • • + i n p n . Then |/| G Z and \I\ P is an element of that ring. 
For any polynomial -P(x) over K, we have a unique Taylor expansion in A"[x, y] : 

P(x + y)=^P (J) (x). y / , 
/ 

where the sum is over all I — (io,...,i n ) G N" +1 , each P^(x) G K[x], with 
P (J) = for |/| > dcg(P), and y 1 := y^> ■ ■ ■ yfr . Thus J!P (J) = 9/P where 9/ is the 
operator (d/dx ) to ■ ■ ■ (d/dx n ) ln on K\x\, and J! := i \ ■ ■ ■ i n \. We construe N" +1 
as a monoid under + (componentwise addition) , and let < be the (partial) product 
ordering on N" +1 induced by the natural order on N. Define for J < J G N n+1 , 

( / ) := ( io ) " ' ( i ) ' 
Then it is easy to check that for J, J G N rl+1 , 

(/(/))( J) = ( 1 j 3 )/(i+J)- 

Let x be an indeterminate. When n is clear from the context, we set cr(x) := 
(x, a(x), . . . , <r n (x)), and also <r(a) = (a, <r(a), . . . , <r n (a)) for a G K. Then for 
P G K[xo, • • • , x„] as above and f(x) = P(cr(x)), we have 

f(x + y) = P{a{x + y)) = P{a{x)+a{y)) 

= £P (I) (<r(aO) • ^(y) 7 = 2/(1)^) ' ^fe)"' 

/ 7 

where / (7 )(x) := P (/) (cr(x)). 

A pseudo-convergent sequence (henceforth, pc-sequence) from if is a limit ordinal 
indexed sequence {a v } v< \ of elements of K such that for some index r] , 

rj" > T}' > rj > rjo v(a ri " - a n >) > v(a v ' — a v ). 
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We say a is a pseudo-limit of a limit ordinal indexed sequence {a v } from K 
(denoted a v ~~> a) if there is some index 770 such that 



Note that such a sequence is necessarily a pc-sequence in K. For a pc-sequence 
{a v } as above, let j v := u(ay — a v ) for rf > r) > 770; note that this depends only 
on 77. Then {7^}r;>T;o is strictly increasing. We define the width of {a^} as the set 



We say two pc-sequences {a v } and {b v } from if are equivalent if they have the 
same pseudo-limits in all valued field extensions of /C. Equivalently, {a^} and {b^} 
are equivalent iff they have the same width and a common pseudo-limit in some 
extension of K,. 



As already stated, we are interested in proving an Ax-Kochen-Ershov type the- 
orem for (and hence, finding the model companion of) the theory of multiplicative 
valued difference fields (valued fields where a is multiplicative). In this paper, we 
are always in equi-characteristic zero. So all valued fields and residue fields are of 
characteristic zero. Our main axiom is 



The value group T |= MOD AG : and as already mentioned before, such a multipli- 
cation makes sense in a MOD AG : where Z[p] is an ordered ring and T is construed 
as an ordered module over that ring. From now on, we assume that all our valued 
difference fields and valued difference field extensions satisfy Axiom 1. 

Our first goal is to prove pseudo-continuity. It follows from [B] that if {a v } 
is a pc-sequence from K, and a with a £ K, then for any ordinary non- 

constant polynomial P(x) £ K[x], we have P{a v ) ~+ P(a). Unfortunately, this is 
not true in general for non-constant c-polynomials over valued difference fields. As 
it turns out, this is true when p is transcendental over the integers (which includes 
the contractive case u p = 00" ) , but not true if p is algebraic (which includes the 
isometric case p = 1). Fortunately, in the algebraic case, we can remedy the 
situation by resorting to equivalent pc-sequences. We will follow the treatment of 
[2], [3] with appropriate modifications. We will, however, need the following basic 
lemma. 

Lemma 4.1. Let {7^} be an increasing sequence of elements in a MOD AG T. 
Let A = {\Ii\ p : l t £ Z n+1 ,i = 1, ...,/} be a finite set with \A\ — m, and for 
i = 1, . . . , m, let Ci + Hi ■ x , c-i £ T, ni £ A, be linear functions of x with distinct 
n,-. Then there is a p, and an enumeration ii, 12, ■ ■ ■ , i m of {1, ... , m} such that for 
i] > p, c tl + n ix ■ j v < c i2 + n i2 ■ j n < ■ ■ ■ < c lm + n im ■ j v - 

Proof. Since T is a MOD AG, there is a linear order amongst the n^'s. Suppose 
rii =/= nj £ A. WMA ni < nj. Then either Cj + nj -7^ < c, + n,- • 7^ for all 77, or 
for some rjij, Ci + ni ■ "f Vij < Cj + rij ■ 7^ . But in the later case, for all 77 > rjij, we 
have Ci + m ■ 7,, < Cj + nj ■ 7,,, as m < nj and {7^} is increasing. Since A is a finite 
set, the set of all such ryy's is also finite, and hence taking p to be the maximum of 
those rjij ;'s, we have our result. □ 




{7 £ T U {00} : 7 > j n for all 77 > r] }. 



4. PSEUDOCONVERGENCE AND PSEUDOCONTINUITY 



Axiom 1. v(cr(x)) = p ■ v(x) \/x £ K and p>l. 
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Basic Calculation. 

Suppose JC is a multiplicative valued difference field. Let {a v } be a pc-sequence 
from K with a pseudo- limit a in some extension. Let P(x) be a non-constant u- 
polynomial over K of order < n. 

Case I. p is transcendental. 

Let -f v — v(a v — a). Then for each 77 we have, 

P(a v )-P(a) = P(L){a)-a{a v -a) L =: £ Qi(r?) 

l<|£|<deg(P) l<|£|<deg(P) 

To calculate v(P(a n )—P(aj), we need to calculate the valuation of each summand 
We claim that there is a unique L for which the valuation of Q 1,(77) is 
minimum eventually. Suppose not. Note that the valuation of Ql(v) 

v(Ql(v)) = v(P( L )(a) ■ er(a n - a) L ) = v(P (L) (a)) + \L\ p ■ j n 

is a linear function in r y r) . Thus, by Lemma 4.1, the only way there isn't a unique 
L with the valuation of Ql(v) minimum eventually is if there are L ^ L' with 
\L\ p = \L'\ p . But then, 

\L\ p = \L'\ p => \L-L'\ P = Q 

=► (lo - Qp° + (h - Ii)p 1 + • • • + (in - Q P n = 

which implies that p is algebraic over Z, a contradiction. Hence, the claim holds. 
In particular, there is a unique Lq such that eventually (in 77), 

v(P(a v ) - P(a)) = v(P (Lo) (a)) + \L \ P ■ 7,, 

which is strictly increasing. Hence, P(a n ) P{a). 

Note that if p = 00, then p is transcendental over Z. Hence, the contractive case 
is included in Case I. 

Case II. p is algebraic. 

Since p satisfies some algebraic equation over the integers, there can be accidental 
cancelations and we might have v(Ql(ii)) = viQL'iv)) f° r infinitely many rj and 
L 7^ L', and the above proof fails. To remedy this, we construct an equivalent 
pc-sequence {b v } such that P(b v ) ~» P(a). 

Put 7^ := v(a v — a); then {7^} is eventually strictly increasing. Since v is 
surjective, choose 9 V <G K such that v(8 n ) = 7^. Set 6^ := + \i n Q n , where we 
demand that p, v € K and = 0. Define d v by a v — a = 9 n d v . So v(d v ) = and 

d v depends on the choice of 9 n . Since a is normally not in K, d v won't normally 
be in K either. Then, 

b v — a = b v — a v + a v — a 

= ^rj(Mr) + d v ). 

We impose v(p, n + d v ) = 0. This ensures b n a, and that {a v } and {b v } have 
the same width; so they are equivalent. Let A := {\L\ p : L e N" +1 and 1 < \L\ < 



MULTIPLICATIVE VALUED DIFFERENCE FIELDS 



11 



deg(P)}. Now, 

P(b v )-P(a) = Yl P(L)(a) ■ a(b 71 - a) L 
\l\ p e A 

= E E P(L)(a) ■ <T(b v - a) L 

m£A \L\ p —m 

= E E P {L){a) ■ cr{e 71 {^ + d n )) L 

m£A \L\ p =m 

= E E P(L)(a) ■ CT(9 rl ) L ■ + d v ) L 

m£A \L\ p =m 

^ Pm,i]([l"r] ^77) 
m£A 

where P mfl is the a-polynomial over K(a) given by 

P m , v (x)= Yl P(L)(a) ■ *(9 V ) L ■ a(x) L . 

\L\ p =m 

Since P K, there is an to £ A such that P m ,7j 7^ 0. For such to, pick L — L(m) 
with \L\ p = m for which v(P(£)(a) • <j(6 71 ) l ) is minimal, so 

Pm,v( x ) = P(L)(a) ■ cr(e v ) L ■ p m ,v( a '( x ))i 

where p m ,r){xa, ■ ■ ■ , x n ) has its coefficients in the valuation ring of K(a), with one 
of its coefficients equal to 1. Then 

v(P m , v {Hr, + d v )) = v(P( L )(a)) + m ■ j v + v{p m ^(cr(^ ri + d v ))). 

This calculation suggests a new constraint on {/x,,}, namely that for each to e A 
with P m j) ^ 0, 

v(p m ,ri(cr(tJ-ri + d^))) = (eventually in 77). 

Assume this constraint is met. Then Lemma 4.1 yields a fixed too € ^4 such that 
if to € A and m 7^ mo, then eventually in 77, 

v{P mo , v {pL n + d v )) < v(P m ^{nr, + d v )) 

For this Too we have, eventually in to 

v(P(b v ) - P(a)) = u(P (i )(a)) + m • 7„, L = L(m ), 

which is increasing. So P(b n ) P(a), as desired. 

To have {/J,,} satisfy all constraints, we introduce an axiom (scheme) about /C 
which involves only the residue held k of K. : 

Axiom 2. For each integer d > there is y € k such that a d (y) 7^ y. 

By [13] . p. 201, this axiom implies that there are no residual a-identities at all, 
that is, for every non-zero / € k[xg, . . . , x n ], there is a y € k with f(&(y)) 7^ (and 
thus the set {y £ k : f(&(y)) 7^ 0} is infinite). Now note that the p m 's are over 
K(a), and we need G k. The following lemma will take care of this. 

Lemma 4.2. Let k C k! be a field extension, and p(xq, . . . , x n ) a non-zero polyno- 
mial over k! . Then there is a non-zero polynomial f(xQ, . . . , x n ) over k such that 
whenever y , . . . , y n € k and f{y , . . . , y n ) ^ 0, then p(y Q , y n ) 7^ 0. 
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Proof. Using a basis b\ , . . . , b m of the k- vector subspace of k! generated by the 
coefficients of p, we have p = b\f\ + • • • + b m f m , with fi,...,f m € k[xo, . . . , x n ]. 
Let / be one of the /j's. Then / has the required property. □ 

Consider anmei with non-zero P m ,-q, and define 

Qm.rji^Oi ■ • ■ i x n) ■ — Pm,rj{ x ^7J! ■ • • ; x n A~ °~ (^77))- 

Then the reduced polynomial 

q m , n {xo, ...,x n ) := p m (x + J,,, . . . ,x n + a n (d v )) 

is also non-zero for each r\. By Lemma 4.2, we can pick a non-zero polyno- 
mial f v (xo, ■ ■ ■ ,x n ) <G fe[xo,...,x„] such that if y € Ok and f v (cr(y)) ^ 0, then 
Qm^io'iy)) 7^ for each m e A with P m , r) 7^ 0. 

Conclusion: if for each i] the element fi v G Ox satisfies /I r) 7^ 0, ^ + dr; 7^ 0, 
and f rt {a{p rt )) 7^ 0, then all constraints on {p.^} are met. 

Axiom 2 allows us to meet these constraints, even if instead of a single P{x) of 
order < n we have finitely many non-constant er-polynomials Q(x) of order < n 
and we have to meet simultaneously the constraints coming from each of those Q's. 
This leads to: 

Theorem 4.3. Suppose K satisfies Axiom 2. Suppose {a v } in K is a pc-sequence 
and a v a in an extension with j v := v(a — a v ). Let E be a finite set of a- 
polynomials P(x) over K . 

• If p is transcendental, then P(a v ) ~* P(a), for all non-constant P e K[x); 
more specifically there is a unique L = Lq{P) such that for all I 7^ L , 
eventually 

v(P(a v ) - P(a)) = v(P {Lo) (a)) + \L \ P ■ 7, < v(P {I) (a)) + \I\ P ■ 7 „. 

• If p is algebraic, then there is ape-sequence {b v } from K , equivalent to {a v }, 
such that P(b v ) ~-> P(a) for each non-constant P G E; more specifically 
there is a unique m = mo(P) such that for all I with \I\ p 7^ m , eventually 

v{P(b v ) - P(a)) = min v(P (Lo) (a)) + \L \ P • 7r) < t>(P (J) (a)) + \I\ P ■ 7,. 

\L \ p =m 

Corollary 4.4. 77ie same result, where a is removed and one only asks that {P(b v )} 
is a pc-sequence. 

Proof. By an observation of Macintyre, any pc-sequence in any expansion of valued 
fields (for example, a valued difference field) has a pseudo-limit in an elementary ex- 
tension of that expansion. In particular, {a v } has a pseudo-limit a in an elementary 
extension of fC. Use this a and Theorem 4.3. □ 

Refinement of the Basic Calculation. The following improvement of the basic 
calculation will be needed later on. 

Theorem 4.5. Suppose JC satisfies Axiom 2 and p is algebraic. Let {a v } be a 
pc-sequence from K and let a v ^ a in some extension. Let P{x) be a a -polynomial 
over K such that 

(i) PK) ^ o 7 

(ii) P(i)(6 r) ) /> 0, whenever \L\ > 1 and {b v } is a pc-sequence in K equivalent 
to {a rl }. 



MULTIPLICATIVE VALUED DIFFERENCE FIELDS 



13 



Let S be a finite set of a -polynomials Q{x) over K. Then there is a pc-sequence 
{b v } in K, equivalent to {a v }, such that P(b v ) ~* 0, and Q(b v ) ~* Q(a) for all 
non-constant Q m S. 

Proof. By augmenting E, we can assume P(l) S 5] for all L. Let n be such that 
all Q e S have order < n. Let and {(!,,} be as before. By following the 

proof in the basic calculation and using Axiom 2, we get non-zero polynomials 
fn € k[xo, • • • , x n ] and a sequence {^} satisfying the constraints 

Mr? SO, M)j 7^ 0, Ji v + d n ^ 0, f v {a(p, n )) ^ 0, 

such that, by setting b v := a v + 6^^, we have 

(3(6,,) Q(o) for each non-constant Q e S. 

We would like to constrain {/j, v } further so that we also have P(b v ) 0. Letting 
A := {\L\ P : L e N n+1 and 1 < \L\ < deg(P)}, we have 

P(b v ) = P(a v + Ori^n) 

m£A \L\ p =m 

= P(a,)+J2 E P{L){a v ) ■ <6 V ) L ■ a{ N ) L 

m£A \L\ p =m 

= P(a n ) + ^ Qm,r,(fJ-n) 
m£A 

where Q m ,, is the cr-polynomial over K given by 

Qm, V (x) = E P(L)(ar,) ■ (T{6r,) L ■ (r{x) L . 

\L\ p =m 

Since P^(a v ) ~+ P(L)( a ) an d P(L)( a r)) ~h 0, t>(P(£,)(a,j)) settles down eventually. 
Let 7t be this eventual value. For each m £ A such that Q TO>?7 7^ 0, let L = L(m) 
be such that P^(a v ) ■ cr(9 v ) L has minimal valuation. Then, for such Q TO] „ we can 
write (eventually in 77), 

(<x(x)), 

where v(c m , r) ) = 71, + \L\ P ■ y n and q m , r) is a polynomial over O with at least one 
coefficient 1. This suggests another constraint on {^ 71 \, namely, for each m G A such 
that Qm.r] 

^ 0, v(q m ^(a(ix n ))) = (eventually in n); equivalently, q m , v (tr(fj, v )) 7^ 0. 
As usual, this constraint can be met by Axiom 2. And then, by Lemma 4.1, we 
have a unique m a such that eventually in 77, 

V { E Qm, V (» V f) = "(Qmo.^rj)) = 7i + m ■ It,, L = L(m Q ), 

which is increasing. Now, if v(P(a v )) 7^ v(Q m0yn ([i n )), we do nothing. However, if 
v(P(a v )) = 71, + mo • J v , then replacing [i v by a variable x, consider 

P(^)^(cr(x)) 
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where H v (yo, ■ . ■ , y n ) is a polynomial over O with at least one coefficient 1. So if 
we add the extra requirement that H v (a-(p, v )) 7^ 0, easily fulfilled as before, we get 
that eventually 

and since both of these are increasing, we have P(b v ) ~* 0. □ 



5. Around Newton-Hensel Lemma 

For the moment we consider the basic problem of how to start with a G K and 
P(a) ^ 0, and find b G K with v(P(b)) > v(P(a)). 

Before we do that, we need a little notation. Let JC — (K, a, v) be a multiplicative 
valued difference field. As already mentioned, the automorphism a on K induces 
an automorphism on the value group F, which we also denote by a, as follows: 

7 i ^ (7(7) := v(a(aj), where 7 = v(a) for some a G K. 

Then for any multi-index I — (i , ii,. . ., i n ) G Z n+1 , we have 

n n n 

DKa) 1 ) = ^Wa))' 1 •■ ■ (^(a))'-) = ^i jV (^(a)) = ^i/(«(o)) = ^i/ (7). 

3=0 j=0 j=0 

In the multiplicative case, v{a 3 {a)) = p' J ■ v(a). Thus, we will denote the sum 
E"=o h^il) b y I j Ip ' 7- Also if -f = -fo = (0, . . . , 0, 1, 0, . . .0) with 1 at the i-th 
place, we denote P(i ) by P^y And then \Io\ p ■ 7 = p 1 ■ 7 = & l {"f)- By abuse of 
notation, we will often identify Jo with i. For example, we will write J 7^ i (for 
some multi- index J) to actually mean J 7^ I . Hopefully, this should be clear from 
the context. 

Let K, be a multiplicative valued difference field. Let P(x) be a cr-polynomial 
over K of order < n, and a e K. Let I,J,Le N n+1 . 

Definition 5.1. We say (P, a) is in cr-hensel configuration if P £ K and there is 
< i < n and 7 G T such that 

(i) u(P(a)) = v(P(i)(a)) + • 7 < i>(P(j)(a)) + p- 7 ' • 7 whenever < j < n, 

(ii) u(P(j)(a)) + |J| P • 7 < u(P( £ )(a)) + |J| P • 7 whenever ^ J < L and 
P {J) ^0. 

We say (P, a) is in strict cr-hensel configuration if the inequality in (i) is strict for 
3 + i- 

Remark 5.2. Note that if (P, a) is in (strict) cr-hcnscl configuration, then P/j\(a) 7^ 
whenever J^O and Pij\ 7^ 0, so P{a) 7^ 0, and therefore 7 as above satisfies 

v{P(a)) = min v(P {j) (a)) + p 3 • 7, 

0<j<n 

so is unique, and we set 7(P, a) := 7. If (P, a) is not in cr-hensel configuration, we 
set 7(P, a) := 00. If (P, a) is in strict cr-hcnscl configuration, then i is unique and 
we set i(P, a) := i. 

Remark 5.3. Suppose P is non-constant, P(a) 7^ 0, v(P(a)) > and v(P(j)(a)) = 
for all J 7^ with P(j\ 7^ 0. Then (P, a) is in cr-hensel configuration with 
7(P, a) = v(P(a)) > and any i with < i < n; and for p > 1, (P, a) is in strict 
cr-hensel configuration with 7(P, a) = v(P(aj) > and i(P, a) = 0. 
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Now given (P, a) in (strict) cr-hensel configuration, we aim to find b £ K such 
that v(P(b)) > v(P(a)) and (P,b) is in (strict) cr-hensel configuration. This, how- 
ever, requires an additional assumption on the residue field k, namely that k should 
be linear difference-closed. We will justify later on why this assumption is necessary. 

Axiom 3 n . If ao, ■ • ■ , a n £ k are not all 0, then the equation 
1 + uqx + aia(x) + ■ ■ ■ + a n a n (x) = 

has a solution in k. 

Lemma 5.4. Suppose K, satisfies Axiom 3 n , and (P, a) is in a-hensel configuration. 
Then there is b £ K such that 

(1) v(b -a)> 7 (P, a), v(P(b)) > v(P(a)), 

(2) either P{b) — 0, or (P, b) is in a-hensel configuration. 

For any such b, we have v(b — a) = j(P, a) and 7(P, b) > 7(P, a). 

Proof. This is the same proof as [4], Lemma 4.4. But we include it here for the 
sake of completeness, and also to set the ground for the next lemma. 

Step 1. Let 7 = ~f(P, a). Pick e € K with v(e) = 7. Let b = a + eu, where u S K 
is to be determined later; we only impose v(u) > for now. Consider 

P(b) = P(a)+ ]T P (J) ( a )-cr(fe- a ) J . 
|J|>1 

Therefore, P(b) = P(a) ■ (1 + E|j|>i C J ' ""(w) -7 ), where 

P {J) {a) ■ *{e) J 
° J = P(a) ' 
From v (e) = 7 and the fact that (P, a) is in cr-hensel configuration, we obtain 
mino<j< n v (cj) = and v(cl) > for \L\ > 1. Then imposing v(P(bj) > v(P(a)) 
forces u to be a solution of the equation 

1 + d r ° j ( x ) = °- 

0<j<n 

By Axiom 3„, we can take u with this property, and then v(u) = 0, so v(b — a) = 
7 (P,a), and v(P(b)) > v(P(a)). 

Step 2. Assume that P(b) ^ 0. It remains to show that then (P, b) is in a-hensel 
configuration with j(P, b) > 7. Let J ^ 0, Pij\ ^ and consider 

P(j)(b) = P(j)(a) + P (J)(L)(a) ■ cr(b-a) L . 

Note that P(j)(a) 7^ 0. Since JC is of equi-characteristic zero, u(P(j)(£) (a)) = 
v(P(j +L )(a)). Therefore, for all L ^ 0, 

v(P(J)(L) (a) ■cr(b-a) L )> v{P {J) (a)), 

hence v{Pij\{b)) = v{Pij\{a)). Since P{b) ^ 0, we can pick 71 G T such that 

P(b)= min «(P - ) (a))+^'-7 1 . 

0<j <n 
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Then 7 < 71 : Pick < i < n such that v(P(a)) = v(P (t) (a)) + p i ■ 7. So 
p l ■ 7 = v(P(a)) - v(P {i) (a)) < v(P(b)) - v(P {i) (a)) < p l ■ 7l . 

Also for I,J^O and 9 e T with 6 > 0, wc have | J\ p ■ 6 < \L\ p ■ 8 for J < L (here 
we are using the fact that p > 0). Thus the inequality 

«(P (J) (o)) + \J\ P • 7 < v(P {L) (a)) + \L\ p • 7 

together with 71 > 7 yields 

v(P (J) (a)) + \J\ p • 7l < v(P (L) (a)) + \L\ p • 7l . 

Hence, (P, b) is in cr-hensel configuration with j(P, b) = 71. □ 

Lemma 5.5. Suppose JC satisfies Axiom 3 n and p > 1, and (P, a) is in a-hensel 
configuration. Then there is c € K such that 

(1) v(c -a)> j(P, a), v(P(c)) > v(P(a)), 

(2) either P(c) = 0, or (P, c) is in strict a-hensel configuration. 

For any such c, we have v(c — a) = 7 (P, a), 7 (P, c) > 7(P, a); and if (P,a) was 
already in strict a-hensel configuration, then i{P,c) < i(P,a). 

Proof. Let 7 = 7 (P, a) and i = i(P,a) (in case (P, a) is in strict a-hensel config- 
uration). Since (P, a) is in cr-hensel configuration, by Lemma 5.4, there is b e K 
such that v(b - a) = 7 (P,a), v(P(b)) > v(P(a)), j{P,b) > j(P,a) = 7 and either 
P(b) = or (P, b) is in cr-hensel configuration. 

If P(b) = 0, let c := b and we are done. So suppose P(b) 7^ 0. Then, letting 
7i = l(P, b), we have for some < jo < n, 

v(P(b)) = v(P Uo) (a)) + p>° ■ 71 < v(P {j) (a)) + p> ■ 7l 

for all < j < n. 

If the above inequality is strict for j 7^ jo , we are done: Then (P, b) is in strict 
cr-hensel configuration with i(P, b) = jo and 7 (P, b) =71. Moreover, if i < j , then 
P l ' (71 — 7) < Z 9 "" 1 ' (71 — 7) as 7i — 7 > an d P > 1, and we have 
w(P w (a))+//- 7 < «(P 0o) (a))+p JO - 7 
=>■ w(P (i) (a)) + p l • 7 + • (71 - 7) < + P 3 ° ■ 7 + P J0 ' (7i - 7) 

=► v(P {i) (a) ) + p* ■ 71 < v(P 0o ) (a) ) + p*> • 71 , 

which is a contradiction. So j < i. Thus, we have, 7 (P, 6) > 7(P, a) and i(P, b) < 
i(P, a). Let c := fe. 

However, if there is no such unique j , then it means there are < jo < ji < 
■ ■ ■ < jm < n such that 

v(P(b)) = v(P Uo) (a))+fP° -71 - «(P (jl) (a))+/^ - 7 i = ■■■ = v{P {jm) {a)) + ft™ - 7l . 

Since (P, 6) is in cr-hensel configuration, we can find b' ^ K such that v(P(b')) > 
v(P{b)) > u(P(a)),7(P,6') > 7 (P,6) > 7 (P,a), u(6' - 6) = 7 (P,6) and either 
P(fr') = or (P, 6') is in cr-hensel configuration. It follows that 

v(b'-a) = v(b'-b + b-a) 

> min{f (b' — b), v(b — a)} 

= min{ 7 (P,fo), 7 (P,a)} 

v(b'-a) = 7 (P, a) since, j{P,a) < j(P,b). 
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If P(b') = 0, we are done. So suppose P(b') ^ 0. Let 72 = -f(P, b'). Since 72 — 71 > 
and p > 1 (this is where we crucially use this hypothesis), we have 

p>« . ( 72 - 7l ) < pii • (72 - 71) < • • • < fP m ■ (72 - 7l). 

But then by doing the same trick as in the previous paragraph, we obtain 

v(P Uo) (a)) + pi" ■ 72 < v(P {jl) (a)) + ^ ■ 72 < ■ ■ ■ < v(P {jm) (a)) + p?™ ■ 72- 

Thus, we have succeeded in finding a better approximation b' than b in the sense 
that (P, b') is in cr-hensel configuration with its minimal valuation occurring at 
a possibly lower index than that of (P,b). Since i(P,a) is finite, there are only 
finitely many possibilities for this index to go down. So by repeating this step 
finitely many times, we end up at our required c with v(c — a) = 7(P, a) such that 
either P(c) = or (P, c) is in strict cr-hensel configuration with 7(P, c) > 7 (P, a) 
and i(P,c) < i(P, a). □ 

Lemma 5.6. Suppose K satisfies Axiom 3 n , and (P, a) is in a-hensel configuration. 
Suppose also there is no b e K such that P(b) = and v(b — a) = j(P,a). Then 
there is a pc-sequence {a^} in K with the following properties: 

(1) ao = a and {a n } has no pseudolimit in K; 

(2) {v(P(a rj ))} is strictly increasing, and thus P(a v ) ~» 0; 

(3) v{a r ,i — a„) = 7(P, a. q ) whenever r\ < n' ; 

(4) (P,a v ) is in a-hensel configuration with j(P,a n ) < j(P,a v i) for r\ < rf ; 

(5) for any extension KJ of K, and b, c € K' such that a v ~* b and v(c — b) > 
7(P, b), we have a n ^> c. 

Proof. We will build the sequence by transfinite recursion. Start with a := a. 
Suppose for some ordinal A > 0, we have built the sequence {a^} r) <A such that 

(i) (P,a v ) is in <r-hensel configuration, for all 77 < A, 

(ii) v(a v > — a v ) = 7(P, a v ) whenever n < 77' < A, 

(iii) v(P(a r) ')) > v(P(a v )) and j(P,a n >) > j(P, a n ) whenever r\ < rj < A. 

Now we will have to deal with the inductive case. If A is a successor ordinal, say 
A = p, + 1, then by Lemma 5.4, there is a\ e K such that v{a\ — a^) = j(P,a IJ ,), 
v(P(a\)) > v(P(a^)) and j(P, a\) > j(P, a^). Then the extended sequence 
{a n } v< x+i has the above properties with A + 1 instead of A. 

Suppose A is a limit ordinal. Then {a v } is a pc-sequence and P(a v ) ~» 0. If {a v } 
has no pseudolimit in K, we are done. Otherwise, let a\ € K be a pseudolimit of 
{a r) }. Then v{a\ — a v ) = v{a v+ i — a r] ) = -f(P,a v ); also, for any n < A, 

P(a\) = P(a v ) + p (i)( a v) ■ ""(aA - a v) Z ^ 
|J|>i 

since P(a v ) has the minimal valuation of all the summands, we have v(P(a\)) > 
v(P(a ri j) for all n < A. Since {v(P(a v ))} v< \ is increasing by inductive hypothesis, 
we get v(P(a\)) > v(P(a rj )) for all n < A. And then by Step 2 of Lemma 5.4, 
it follows that (P,a\) is in cr-hensel configuration with 7 (P, a\) > -f(P, a n ) for all 
77 < A. Thus the extended sequence {a v } v< \ + \ satisfies all the above properties 
with A + 1 instead of A. Eventually we will have a sequence cofinal in K , and 
hence the building process must come to a stop, yielding a pc-sequence satisfying 
(1), (2), (3) and (4). 
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Now a n ~-> b. Thus v(b — a v ) = v(a v +i — a v ) = j(P, a v ) for all 77, and (P, b) is in 
cr-hensel configuration with 7(P, b) > j(P,a v ) for all 77. In particular, 

u(c — a n ) = v(c — b + b—a v ) 

> min{w(c — b), v(b — a v )} 

> min{7(P,6), 7 (P,a„)} 
=> v(c - a n ) = 7(P, a,,) 

Since {j(P, a v )} is increasing, we have a v ~» c. □ 

It follows similarly (with ideas from the proof of Lemma 5.5) that 

Lemma 5.7. Suppose JC satisfies Axiom 3 n , p > 1 and (P,a) is in strict a-hensel 
configuration. Suppose also there is no b £ K such that P{b) = and v(b — a) = 
j(P,a). Then there is a pc-sequence {a n } in K with the following properties: 

(1) a = a and {a n } has no pseudolimit in K; 

(2) {v(P(a ri ))} is strictly increasing, and thus P{a v ) 0; 

(3) v(a v > — a v ) = ~f(P, a v ) whenever r\ < rf ; 

(4) (P,a v ) is in strict a-hensel configuration with j(P,a v ) < j(P,a v >) and 

i(P, ay) ^ i( p i a n) f° r V < rf; 

(5) for any extension KJ of JC and b,c £ K' such that a n b and v(c — b) > 
j(P, b), we have a rl ^> c. 

Definition 5.8. A multiplicative valued difference field JC is called (strict) a- 
henselian if for all (P, a) in (strict) a-hensel configuration there is b <E K such 
that v(b - a) = 7 (P, a) and P(b) = 0. 

By Axiom 3 we mean the set {Axiom 3„ : n = 0, 1, 2, . . .}. So Axiom 3 is really 
an axiom scheme and JC satisfies Axiom 3 if and only if k is linear difference closed. 

Corollary 5.9. If JC is maximally complete as a valued field and satisfies Axiom 
3, then JC is a-henselian (strict a-henselian if p > 1). In particular, if JC is com- 
plete with discrete valuation and satisfies Axiom 3, then JC is a-henselian (strict 
a-henselian if p > 1). 

Lemma 5.10. (1) If JC is a-henselian, then JC satisfies Axiom 3. 
(2) If JC satisfies Axiom 3, then JC satisfies Axiom 2. 

Proof. (1) Assume that JC is er-henselian and let Q(x) = 1 + ot x + a\a{x) H + 

a n a n (x) € k(x) such that not all c^'s are zero. We want to find b € k such that 
0(6) = 0. 

Let P(a) = 1 + oqx + a\a(x) + • • • + a n a n (x), where for all i, di e K, a% = 
if a.i — 0, and u(a,) = with a,i — on if on 7^ 0. It is easy to see that (P, 0) is 
in cr-hensel configuration with 7(P, 0) = 0. By cr-henselianity, there is a £ K such 
that v(a) = and P(a) = 0. Set b := a. 

(2) For JC to satisfy Axiom 2, we need for each d £ Z+, an element a £ k such 
that a d (a) 7^ a. Consider the linear difference polynomial Pd(x) = a d (x) — x+l over 
k. Since JC satisfies Axiom 3, there is a £ k such that Pz(a) = 0, i.e., <f d (a) = a — 1. 
In particular, a d (a) 7^ a. □ 

Remark 5.11. (1) If T = {0}, then JC is cr-henselian. 

(2) If T 7^ {0} and JC is a-henselian, then JC satisfies Axiom 3 by Lemma 5.10. 
In particular, a n 7^ idk for all n > 1. Thus, JC satisfies Axiom 2 as well. 
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(3) If p > 1 and K, satisfies Axiom 3, then K, is c-henselian iff K, is strict a- 
henselian: the "only-if" direction is trivial, and the "if" direction follows 
from Lemma 5.5. However, the "if" direction is not true for p = l. 

Definition 5.12. We say {a v } is of cr-algebraic type over K if P(b v ) ~* for some 
CT-polynomial P(x) over K and an equivalent pc-sequence {b v } in K. Otherwise, 
we say {a v } is of a-transcendental type. 

If {a v } is of c-algebraic type over K, then a minimal cr-polynomial of {a v } over 
if is a CT-polynomial P(x) over K with the following properties: 

(i) P(b v ) ~-+ for some pc-sequence {&,,} in K equivalent to {a^}; 

(ii) Qibrj) whenever Q(x) is CT-polynomial over K of lower complexity than 
P{x) and {brj} is a pc-sequence in K equivalent to {a v }. 

Lemma 5.13. Suppose K, satisfies Axiom 2. Let {a^} from K be a pc-sequence of cr- 
algebraic type over K with minimal a -polynomial P(x) over K , and with pseudolimit 
a in some extension. Let E be a finite set of a -polynomials Q(x) over K. Then 
there is a pc-sequence {b v } in K, equivalent to {a v }, such that, with j v := v(a—a rl ) : 

(I) v(a — b v ) = j v , eventually, and P(b v ) ~-+ 0; 
(II) i/QeS and Q(£K, then Q(b n ) ~» Q(a); 

(III) (P,b v ) is in a-hensel configuration with j(P,b v ) = j v , eventually; 

(IV) (P,a) is in a-hensel configuration with j(P,a) > "/. q eventually. 

If p > 1, then (P, b v ) is actually in strict a-hensel configuration. Also there is some 
a' , pseudolimit of {a v }, such that (I), (II) and (IV) hold with a replaced by a! , and 
(P,a') is in strict a-hensel configuration with j(P,a') > -f v eventually. 

Proof. Let P have order n. Let us augment E with all P(j) for 1 < | J| < dcg(P). In 
the rest of the proof, all multi-indices range over N n+ . Also since P is a minimal 
polynomial of {a v }, there is an equivalent sequence {c v } such that P(c v ) ~» 0. 

Now if p is transcendental, then by Theorem 4.3, Q(c n ) Q(a) for all Q £ E and 
Q £ K. Let b v :— c n . Thus, {b n } satisfies (I) and (II). And if p is algebraic, then 
by Theorem 4.5, there is a pc-sequence {b v }, equivalent to {c n } (and hence to {a v }), 
such that (I) and (II) hold. Theorem 4.3 also shows that in the transcendental 
case, there is a unique Lq such that eventually for all I ^ Lq, 

v(P(b v ) - P(a)) = v(P (Lo) (a)) + \L \ P ■ 7, < v{P {I) (a)) + \I\ P ■ 7,, 

and in the algebraic case there is a unique m such that eventually for all I with 
\I\ P 7^ mo, 

(1) v(P(br,) - P(a)) = min v(P {Lo) (a)) + m ■ lr) < v(P {I) (a)) + \I\ P ■ 7jj . 

\L \ p =m 

We will show that in either case |Zo| = 1- Since for p > 1, there is a unique Lq 
such that \L n \ p = m and |i | = 1, this gives us that for p > 1 (both algebraic and 
transcendental), there is a unique L n such that eventually for all I 7^ L , 

(2) v(P(b v ) - P(a)) - v(P (Lo) (a)) + \L \ p ■ 7, < v(P (I) (a)) + \I\„ ■ 7,. 

This actually gives the strict cr-hensel configuration of (P, b v ) for p > 1. 
For any I such that P(j) 7^ 0, we claim that if / < J, then 

v(P(i)(a)) + \I\ P ■ 7r, < v(P iJ) (a)) + \J\ p ■ j v 



20 



KOUSHIK PAL 



eventually: Theorem 4.3 with S = {P, P(i)} shows that we can arrange that our 
sequence {b v } also satisfies 

v(P(i)(br,) - P ( /)(o)) < v(P {I){L) (a)) + \L\ p ■ lv , 

eventually for all L with \L\ > 1. Since v(P/j\(b ri )) = v(P(j)(a)) eventually (as P 
is a minimal polynomial for {a^}), this yields 

v(P(i)(a)) < v(P {I)(L) {a)) + \L\ p ■ 7 „ = v(P {I+L) (a)) + \L\ p • 7 „. 

For L with I + L = J , this yields 

«(^)(a))<«(P(j)(a)) + |J-/|p- 77) - 
As {7^} is increasing, we have eventually in ry, 

w(P ( r)(a)) <«(P (J) (a)) + |J- J| p - 7fl . 
Since eventually v(P^(b v )) = v(Prn(a)), we have 

v(P(i) (bf,)) + \I\ P ■ 7») < v(P {J) (b v )) + \ J\ p ■ and 
u(P(j)(a)) + |JV7„ < w(P (J) (a)) + |J| (9 -7 7) 

It follows that \Lq\ = 1 (for p = 1, this means m = 1). In particular, we have 
established (1) with m = 1 for p = 1, and (2) for p > 1. Since P(b v ) 0, 
this yields i>(P(a)) > v(P{b v )) eventually, i.e, v(P{b v ) - P(a)) = v(P(b v )). It 
follows from this and (1) that (P, b v ) is in cr-hcnsel configuration eventually with 
j(P ) b v ) = j v ; and it follows from (2) that for p > 1, {P,b v ) is in strict cr-hensel 
configuration. 

Finally by Step 2 of Lemma 5.4, it follows that (P, a) is also in cr-hensel config- 
uration with 7(P, a) > j v eventually; and for p > 1, if (P, a) is already in strict 
cr-hensel configuration, we are done. Otherwise follow the proof of Lemma 5.5 to 
find the required a'. □ 



6. Immediate Extensions 

Throughout this section, K. — (K, T, k; v, n) is a multiplicative valued difference 
field satisfying Axiom 2. Note that then any immediate extension of JC also satisfies 
Axiom 2. We state here a few basic facts on immediate extensions. 

Lemma 6.1. Let {a^} from K be a pc-sequence of a -transcendental type over K. 
Then K, has a proper immediate extension (K(a), T, k; v a , 7T a ) such that: 

(1) a is a -transcendental over K and a v a; 

(2) for any extension (Ki,Ti, ki; Vi,7Ti) of JC and any b € K\ with a n ~-» b, 
there is a unique embedding 

{K(a),T 1 k;v a ,TT a ) — ► (Ki, Ti, h; vi, tti) 

over K that sends a to b. 

Proof. See [3], Lemma 6.2. (All that is needed in the proof is the pseudo-continuity 
of the cr-polynomials (upto equivalent sequences). So the same proof works here.) 

□ 

As a consequence of both (1) and (2) of Lemma 6.1, we have: 
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Corollary 6.2. Let a from some extension of K, be a-algebraic over K and let {a^} 
be a pc-sequence in K such that a v ~~> a. Then {a^} is of a-algebraic type over K. 

Lemma 6.3. Let {a^} from K be a pc-sequence of a-algebraic type over K , with 
no pseudolimit in K . Let P{x) be a minimal a-polynomial of {a v } over K . Then 
K. has a proper immediate extension (K{a},T,k]V a ,Tr a ) such that: 

(1) P{a) = and a n ~> a; 

(2) for any extension (K\,Ti, fcj.;i>i,7ri) of K, and any b G K\ with P(b) = 
and a v b, there is a unique embedding 

(K(a),T,k;v a ,ir a ) — ► (Ki,Ti,ki;vi,iri) 

over K that sends a to b. 

Proof. See [3], Lemma 6.4. □ 

Definition 6.4. JC is said to be cr-algebraically maximal if it has no proper im- 
mediate cr-algebraic extension; and K, is said to be maximal if it has no proper 
immediate extension. 

Corollary 6.5. (1) K, is a -algebraically maximal if and only if each pc-sequence 
in K of a-algebraic type over K has a pseudolimit in K; 
(2) ifK, satisfies Axiom 3 and is a -algebraically maximal, then IC is a-henselian. 

Proof. (1) The "only if" direction follows from Lemma 6.3. For the "if" direction, 
suppose for a contradiction that /Ci := (Ki,T,k;vi,iri) is a proper immediate 
cr-algebraic extension of K. Since the extension is proper, there is a G K\ \ K. 
Since the extension is immediate, we can find a pc-sequence {a n } from K such 
that a. Since the extension is cr-algebraic, a is cr-algebraic over K . Then by 

Corollary 6.2, {a v } is of cr-algebraic type over K. So by assumption, there is b G K 
such that a v b. But then by part (2) of Lemma 6.3, we have 

(K(a),T,k;v a ,% a ) = (K{b),T, fc; Vb, K b ) = (K, T, k; v, n), 

i.e., a G K, a contradiction. 

(2) Let P(x) be a cr-polynomial over K of order < n, and a G K be such that 
(P, a) is in c-hensel configuration. If there is no b G K such that v(b — a) = j(P, a) 
and P(b) = 0, then by Lemma 5.6, there is a cr-algebraic pc-sequence {a n } in K 
such that {a^} has no pseudolimit in K . But then by part (1) of this corollary, K 
is not cr-algebraically maximal, a contradiction. □ 

It is clear that K has cr-algebraically maximal immediate cr-algebraic extensions, 
and also maximal immediate extensions. Provided that K, satisfies Axiom 3, both 
kinds of extensions are unique up to isomorphism, but for this we need one more 
lemma: 

Lemma 6.6. Let IC' be a a -algebraically maximal extension of K. satisfying Axiom 
3. Let {a n } from K be a pc-sequence of a-algebraic type over K , with no pseudolimit 
in K , and with minimal a-polynomial P(x) over K . Then there exists b G K' such 
that a n b and P(b) = 0. 

Proof. By Corollary 6.5 (1), there exist a G K' such that a„ ~~» a. If P(a) = 0, 
we are done. So let's assume P(a) ^ 0. But then by Lemma 5.13(IV), (P, a) is in 
cr-hensel configuration with j(P, a) > v(a — a^) eventually. Since KJ satisfies Axiom 
3, by Corollary 6.5 (2) there is b G K' such that v(b - a) = a) and P(b) = 0. 
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Finally v(b — a n ) = v(b — a + a — a v ) = v(a — a v ), since v(b— a) = j(P, a) > v(a — a v ). 
Thus, a v ~-> b. □ 

Together with Lemmas 6.1 and 6.3, this yields: 

Theorem 6.7. (1) Suppose IC' is a proper immediate a-henselian extension of 
IC, and let a € K' \ K . Let JC\ be a a-henselian extension of K satisfying 
Axiom 2, such that every pc-sequence from JCi of length at most cardiT) 
has a pseudolimit in K\. Then JC(a) embeds in fC\ over JC. 
(2) Suppose K! is a proper immediate a-henselian a-algebraic extension of IC, 
and let a G K'\K. Let JCi be a a-henselian extension of IC satisfying Axiom 
2, such that every pc-sequence of a-algebraic type over IC\ and of length at 
most card{T) has a pseudolimit in IC\. Then IC(a) embeds in IC\ over IC. 

Proof. (1) By the classical theory, there is a pc-sequence {a v } from K such that 
a v ~» a and {a v } has no pseudolimit in K. By assumption, there is b £ K\ such 
that a v b. 

If {a n } is of er-transcendental type, then by Corollary 6.2, both a and b must be 
cr-transcendental over K. Now apply Lemma 6.1. 

If {a^} is of cr-algebraic type, let P{x) be a minimal polynomial for {a v }. By 
Theorem 4.5, we get an equivalent pc-sequence {b v } from K with b n ~» a, such 
that P(b n ) ~* 0, P(b n ) ^ P(a), P (L) (b n ) ^ P (L )(a) (but not to 0) for all \L\ > 1, 
(P, b v ) is in cj-henscl configuration eventually, and either P(a) = 0, or (P, a) is also 
in cr-hensel configuration with j(P, a) > j(P, b v ) eventually. If P{a) = 0, we are 
done. Otherwise, since IC' is er-hensclian, we have a' e K' such that P(a') = and 
v (a' — a) = "f(P, a). Since j(P, a) > j(P, b v ) eventually, we have b v a' . Thus, in 
either case, we have a' £ K' such that P(a') — and b v ~+ a'. Similarly, we get 
b' e K x such that b v b' and P(b') = 0. 

By Lemma 6.3, K(a') is isomorphic to K(b') as multiplicative valued fields over 
K, with a 1 mapped to 6'. 

Now, a is immediate over K(a'). If it is not already in K(a'), then we may 
repeat the argument and conclude by a standard maximality argument. 

(2) By Corollary 6.2, there is a pc-sequence {o^} from K of cr-algebraic type 
pscudoconverging to a, but with no pseudolimit in K. Then the calculation in (1) 
works noting that every extension or pc-sequence considered will be of cr-algebraic 
type. □ 

Corollary 6.8. Suppose IC satisfies Axiom 3. Then all its maximal immediate 
extensions are isomorphic over IC, and all its a -algebraically maximal immediate 
a-algebraic extensions are isomorphic over IC. 

Proof. We have already noticed the existence of both kinds of maximal immediate 
extensions. By Corollary 6.5(2), they are also cr-henselian. The desired uniqueness 
then follows by a standard maximality argument using Theorem 6.7 (1) and (2). □ 

We now state minor variants of the last two results using the notion of saturation 
from model theory. 

Lemma 6.9. Let IC' be a \T\ + -saturated a-henselian extension of IC. Let {a v } from 
K be a pc-sequence of a-algebraic type over K, with no pseudolimit in K , and with 
minimal a -polynomial P{x) over K . Then there exists b G K' such that a v b 
and P(b) = 0. 
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Proof. By the saturation assumption, there is a pseudolimit a G K/ of {a v }. If 
P(a) — 0, we are done. So let's assume P(a) 7^ 0. But then by Lemma 5.13(IV), 
(P,a) is in u-hensel configuration with j(P,a) > via — a^) eventually. Since K! is 
cr-henselian, there is b £ K' such that v(b — a) = j(P,a) and P(b) = 0. Finally, 
a n -w 6, since v(b — a) = j(P, a) > v(a — a n ). □ 

In combination with Lemmas 6.1 and 6.3, this yields: 

Corollary 6.10. Suppose that K. satisfies Axiom 3 and K! is a \T\ + -saturated cr- 
henselian extension of K,. Let JC* be a maximal immediate extension of JC. Then 
JC* can be embedded in JC' over JC. 



7. Example and Counter-example 

We will now show the consistency of our axioms by building models for our 
theory. The canonical models we have in mind are the generalized power series fields 
k((t r )), also known as the Halm series. Given any difference field k of characteristic 
zero with automorphism cr, and any MOD AG T with automorphism (7(7) = p ■ 7, 
we form the multiplicative difference valued field k((t r )) as follows. 

As a set, k((t r )) := {/ : T -> k \ supp(/) := {x G T : f(x) ^ 0} is well-ordered 
in the ordering induced by T}. 

An element / G k((t r )) is thought of as a formal power series 

/ E/(^ 7 

(/ + ft)( 7 ) := /(7) + M7) 
(A)(7) := J2 

v{f) := min supp(/) 

If we choose p > 1, k((t T )) satisfies Axiom 1. Also if we impose that a is a linear 
difference closed automorphism on k, then k((t r )) satisfies Axiom 2 and Axiom 3 
as well. Moreover, using the fact that k((t r )) is maximally complete [7 , it follows 
from Corollary 5.9 that k((t r )) is cr-henselian for p > 1, and strict cr-henselian for 
p > 1. Also note that the residue field of k((t r )) is k, and the value group is T. 

Now we will justify why we need Axiom 3 (at least for the case p > 1). We will 
provide an example that shows why Axiom 3 cannot be dropped. This example is 
adapted from [4], Example 5.11. 

Example 7.1. Let p be any element of a real-closed field and p > 1. Let T be the 
M ODAG generated by p over Z. Thus we construe F as the ordered difference group 
Z[p, with the order induced by the cut of p. Let k be any field of characteristic 
zero, construed as a difference field equipped with its identity automorphism. And 
let K be the multiplicative valued difference field (k((t r )),T, k;v,ir). 
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For each n, let T n := p n Z[p] and let JC n be the multiplicative valued difference 
field fc((£ r ™),r„,fc;v,7r). Let 

£00 := (\Jk((t r ")),T,k;v,n). 

n 

Then /Coo equipped with the restriction of a, is a valued difference subfield of JC 
and a is multiplicative. Let us define a sequence {a n } as follows: 

n 

a n = J2 t ~ P ~ i - 

i=l 

We claim that {a n } is a pc-sequence : Note that since p > 1, we have for i < j e N, 
u(t- p_< ) = < -p~ j = v(t-' r] ). Hence, v(a n+1 - a n ) = v(t-P~ (n+1) ) = 

_p-("+ 1 ) ) which is increasing as n — > 00. 

Also it is clear that {a n } has no pseudolimit in /Coo. Moreover, since a(ir p ) = 
t~ p ' +1 , we have for 

P(x) = a(x)-x-t~ 1 , 

P(a n ) = t~ p 0, and hence {a„} is of cr-algebraic type over /Coo. Now /Coo 

is a union of hensclian valued fields, and hence is henselian. Moreover it is of 
characteristic zero. Hence /Coo is algebraically maximal. Therefore, P(x) is a 
minimal cr-polynomial of {a n } over /Coo- Also, 

P(a n ) + 1^0, 

and so P(x) + 1 is a minimal cr-polynomial of {a n } over /Coo as well. By Lemma 6.3, 
there are immediate extensions /Coo (a), /Coo (a') of /Coo such that a n ~* a, P(a) = 0, 
and a„ -w a', P(a') + 1 = 0. Let L\,C,2 be cr-algebraically maximal, immediate, 
cr-algebraic extensions of /Coo (a), /Coo (a') respectively. 

Now we claim that C\ and £ 2 are not isomorphic over /Coo- Suppose for a 
contradiction that they are isomorphic. Then there is b <G C\ such that P(6) + l = 0. 
Since P(a) = we have 

Q(a, 6) := cr(6 - a) - (b - a) + 1 = 0. 

We claim that this is only possible when v(b — a) = : if v (b — a) > 0, then since 
p > 1, we have w(cr(6 — a)) > — a) > = Hence, v(Q(a,b)) = v(l) = 0, 

and thus Q(a, b) 7^ 0, a contradiction; similarly, if w(6 — a) < 0, then w(cr(6 — a)) < 
u(6 — a) < = w(l), in which case again v(Q(a,bj) = 0, a contradiction. Thus, 
v(b-a) = 0. 

But then, b — a e k and b — a is a solution of 

£7(2; ) — x + l=0, 

which is impossible since a = id, contradiction. 

Here we considered a particular instance of failure of Axiom 3; namely, when a is 
the identity, the above cr-linear equation does not have a solution in k. However, one 
can produce a similar construction for any non-degenerate inhomogeneous cr-linear 
equation which does not have a solution in k. 
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8. Extending Residue Field and Value Group 



Let JC = (K, r, k; v, w) and JC' = (K T', k'\ v', w') be two multiplicative valued 
difference fields (with the same p); let O and O' be their respective ring of integers, 
and let a denote both their difference operators. Let £ = (E,TE,kE',v,ir) be a 
common multiplicative valued difference subficld of both JC and JC' , that is, £ < 
JC, £ < JC' . Then we have: 

Lemma 8.1. Let a G O and assume a — ir(a) is a -transcendental over kE- Then 

• v(P(a)) = minx, {t> (&£,)} for each a -polynomial P(x) = ^6l<t(iz;)- l over E; 

• v(E(a) x ) = v(E x ) = Te, and £(a) has residue field ^(a); 

• ij b G O' is such that j3 = ir(b) is a -transcendental over kE, then there is a 
valued difference field isomorphism £(a) — > £ (b) over £ sending a to b. 



Lemma 8.2. Let P{x) be a non-constant a -polynomial over the valuation ring of 
E whose reduction P{x) has the same complexity as P(x). Let a G 0,b G O 1 , 
and assume that P(a) = 0, P(b) = 0, and that P(x) is a minimal a -polynomial of 
a := 7r(a) and of /? := 7r'(6) over kE- Then 

• £ (a) has value group v(E x ) — Te and residue field fc£j(a); 

• if there is a difference field isomorphism fc^(a) — > fc£j(/3) over kE sending a 
to f3, then there is a valued difference field isomorphism £{a) — > £ (b) over 
£ sending a to b. 



Now we will show how to extend the value group. Recall that T is a model of 
MOD AG. Before stating the results, we need a couple of definitions. 

Definition 8.3. For a given a-polynomial P (x) — bLc(x) L over K and a € K, 
we say a is generic for P if v(P(a)) = min{w(6x,) + \L\ p ■ v(a)}. 

Definition 8.4. An element a E K (or K') is said to be generic over £ if a is 
generic for all a-polynomials P(x) = bL<r{x) L over E. 

Lemma 8.5. Assume fC satisfies Axiom 2. Then, for each 7 € V and P(x) = 
Y, bi,cr{x) L over K , there is a G K such that v(a) = 7 and a is generic for P. 

Proof. Let c £ if be such that v(c) =7. If c is already generic for P, set a := c 
and we are done. Otherwise, pick e € K such that v(e) — (we will decide 
later how to choose e) and set a := ce. Note that v(a) — v(c) = 7. Then, 
P(a) = Y l b Lcr(c) L cr(e) L . Choosing d € K x such that v(d) = min{v (b L cr(c) L )} = 
min{v(&£,) + \L\ P ■ 7}, we can write P(a) = dQp(e), where Qp(e) is over the ring 
of integers of K. Consider Qp(l), a a-polynomial over k; choose e G k such that 
Qp(e) ^ 0, which is possible since JC satisfies Axiom 2. Let e G K be such that 
7r(e) = e. Then v(Qp(e)) = 0, and hence v(P(a)) = v(d) = min{v(&£,) + \L\ p ■ 7}. 
Thus, a is generic for P and v(a) =7. □ 

Remark 8.6. It is clear from the proof of Lemma 8.5 that if we replace P{x) by a 
finite set of a-polynomials {P\(x), . . . , P m (x)} of possibly different orders, then by 
choosing e G k such that it doesn't solve any of the related m equations Qpiix) = 
over k (which is again possible to do as JC satisfies Axiom 2), we can find a G K 
such that a is generic for {Pi, ... , P m }. 



Proof. See [3], Lemma 2.5. 



□ 



Proof. See [3J, Lemma 2.6. 



□ 
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Definition 8.7. Let P(x) = Y^bLc(x) L be a cr-polynomial over K and a G K. 
Write P(ax) = dQp(x), where d € K is such that = min{u(fez,) + |L| P • v(a)}. 
Then Qp(x) is a cr-polynomial over 0i<-, and thus Qp(x) is a cr-polynomial over k. 
We say Qp(x) is a fc-(7-polynomial corresponding to {P,a). 

Lemma 8.8. Let 7 G T \ Te- Let k be an infinite cardinal such that |&e| < k. 
Assume JC,JC' satisfy Axiom 2 and are k + -saturated. Then 

(i) there is a G K , generic over £ , with v(a) — 7; 

(ii) E(a) has value group TeIj), and residue field kE( a ) of size < k; 

(iii) if 7' G T' is such that there is a valued difference group isomorphism 
Te(7) — > 1^(7') over Te (in the language of MOD AG), and a' G K' 
is such that a 1 is generic over £ with v(a') — 7', then there is a valued 
difference field isomorphism £(a) — > £(a') over £ sending a to a! . 

Proof, (i) Fix c G K such that v(c) = 7. For each cr-polynomial P(x) over E, let 
Qp(x) be a fc-a-polynomial corresponding to (P, c), and define 

i.e. <pp(y) is the first-order formula with parameters from k saying "y is not a root 
of Qp~". Let 

p(y) := {fp(y) \ P is a cr-polynomial over E}. 

By Axiom 2, p(y) is finitely consistent, and hence consistent. So it's a type over 
E. Moreover by cardinality considerations, \p{y)\ < k <uj = n (since k is infinite). 
Since JC is K + -saturated, p{y) is realized in K. In particular, there is y G k such 
that y is not a root of any Qp. Choosing e G O with 7r(e) = y and setting a := ce, 
we then have that v(a) = 7 and a is generic for all cr-polynomials P(x) over E, i.e., 
a is generic over £. 

(ii) Since a is generic over £, it is clear that v(E(a) x ) = Te(j), which clearly 
has size at most n. Moreover, since each element of the residue field comes from 
an element of valuation zero, the size of is at most the size of the set 
{P (x) I P is a cr-polynomial over E and v(P(a)) = 0}, which, again by cardinality 
considerations, is at the most k. Thus |fc.E( )| < k. 

(iii) Finally notice that if b is generic over £, then v(P(bj) ^ 00 for any cr- 
polynomial P(x) over E; i.e., P(b) 7^ 0. So b is cr-transcendental over E. In 
particular, a and a' are cr-transcendental over E. Thus there is a difference field 
isomorphism : E(a) — > -E(a') over _E sending a to a'. But, since w(a) = 7, 
w(a') = 7', ^(7) = Te(Y) over r^, and a and a' are both generic over £, the 
valuations are already determined and matched up on both sides, i.e., ip is actually 
a valued difference field isomorphism. □ 

9. Embedding Theorem 

To prove completeness and relative quantifier elimination of the theory of mul- 
tiplicative valued difference fields, we would use the following test: 

Test 9.1. Let T be a a theory in a first order language C. Suppose that T has no 
finite models, that T is complete with respect to the atomic theory (i.e., for each 

atomic sentence -0of£,ThV'orTI 1^>), and that T has at least one constant 

symbol. Then the following are equivalent: 
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• T is complete and eliminates quantifiers. 

• In any model of set theory in which GCH holds, if A4,Af \= T are sat- 
urated models of T of the same cardinality, A C M. and B C J\f are 
substructures of cardinality strictly less than that of M. , and / : A — s- B is 
an jC-isomorphism, then there is an /^-isomorphism g : A4 — > M such that 
9\a = /• 

• If A4,Af |= T are K + -saturated for some infinite cardinal k > \T\, A C A4 
is a substructure of M. of cardinality at most k, f : A AT is an C- 
embedding, and a € A4, then there is a substructure A' of M. containing 
A and a and an extension of / to an ^-embedding g : A 1 Af. 

To that end we would like to know when can we extend isomorphism between 
"small" substructures, and the main theorem of this section, Theorem 9.5, gives an 
answer to that question. 

For the moment we will work in a 4-sorted language, where we have our usual 3 
sorts for the valued field K, the value group T and the residue field k, and we add 
to it a fourth sort called the RV. This represents the language of the leading terms 
introduced in [8], and explained further in [9] and [10] . We could have just worked 
with a 2-sorted language with K and RV (we call this the leading term language) . 
But the 2-sorted language is interpretable in and also interprets the 4-sorted lan- 
guage. So to make things more transparent we stick to the 4-sorted language. 
Before we proceed further, we would like to recall some preliminaries about the RV 
structures. Recall that we are always dealing with the equi-characteristic zero case. 

Preliminaries 

Let K. = (K, F, k; v, w, p) be a multiplicative valued field. Let O be the ring of 
integers, and m be its maximal ideal. Let K x , O x and k x denote the set of units 
of K, O and k respectively. As it turns out (1 + m) is a subgroup of K x under 
multiplication. We denote the factor group as RV :— K x /I + m and the natural 
quotient map as rv : K x — > RV. To extend the map to whole of K, we introduce a 
new symbol "oo" (as we do with value groups) and define rv(0) — oo. Though RV 
is defined merely as a group, it inherits much more structure from K,. 

To start with, since the valuation v on K. is given by the exact sequence 

1 o x — '->■ K x — V —^ r >- 

and since 1 + m < O x , the valuation descends to RV giving the following exact 
sequence 

1 >~ k x — ^ RV F ^ 

(note that x /l + m = (0/m) x = k x ). In fact, it follows straight from the 
definitions that, 

Lemma 9.2. For all non-zero x,y € K, the following are equivalent: 

(1) rv(x) = rv(y) 

(2) v(x -y)> v(y) 

(3) 7r(x/y) = 1 

Proof. See [10], Proposition 1.3.3. 

Also note that if x, y € 0, then the last condition is equivalent to saying 7r(a;) = 
Tr(y). And both (2) and (3) imply that v(x) — v(y). □ 



28 



KOUSHIK PAL 



Since a is multiplicative (and hence cr(m) = m), the difference operator on K 
induces a difference operator (which we again call by a) on RV as follows: 

a(rv(x)) := rv(a(x)). 



ft trivially follows that the induced er is also multiplicative with the same p. 
RV also inherits an image of addition from K via the relation 

®{x] w , . . . , x" v , z rv ) = 3x 1 ,..., X n , z EK (x] v = rv^ 1 ) A • • • A x" v = rv(x") A z rv = rv(z) A x x -\ \-x n = z). 

The sum x] v + ■ ■ ■ + x" v is said to be well-defined (and = z IV ) if there is exactly one 
z IV such that ©(a;J v , . . . , x™ v , z rv ) holds. Unfortunately this is not always the case. 
Fortunately, the sum is well-defined when it is "expected" to be. Formally, 

Lemma 9.3. rv(xi) + • • • + rv(x„) is well-defined (and is equal to rv(xi + • • • + x n )) 
if and only if v(x\ + • • ■ + x n ) = min{w(a;i), . . . , v(x n )}. 

Proof. See [10], Proposition 1.3.6, 1.3.7 and 1.3.8. □ 

Thus, we construe RV as a structure in the language £ rv := ,®,v,a, 1}. 
And finally, we have 

Proposition 9.4. T and k are interpretable in RV . 

Proof. See [10] . Proposition 3.1.4. Note that the proof there is done for valued 
fields. For our case, the difference operator on V is interpreted in terms of the 
difference operator on RV as a{v[x)) = v(a(x)). And since the nonzero elements 
x of the residue field are in bijection with x € RV such that v(x) — 0, cr{x) is 
interpreted in the obvious way as o~(x). □ 

Now we describe the embeddings. Let JC — (K,T, k, RV-v,tt,yv, p) and K! = 
(K' , r', k' , RV'; v' , 7r', rv', p) be two (T-henselian multiplicative valued difference fields 
of equal characteristic zero, satisfying Axiom 1 (with the given p). Recall that, by 
Lemma 5.10, K, and JC' satisfy Axiom 2 and Axiom 3. We denote the difference 
operator of both K, and K,' by a, and their ring of integers by O and O' respectively. 
Let £ = (E,TE,kE, RVE',v,Tr,rv, p) and £' = (E 1 , Te>, Ue 1 , RVe>; v', 7t', rv', p) be 
valued difference subfields of JC and JC' respectively. We say a bijection -0 : E — >• E' 
is an admissible isomorphism if it has the following properties: 

(1) -0 is an isomorphism of multiplicative valued difference fields; 

(2) the induced isomorphism ip rv : RVe — > RVe> in the language £ rv is elemen- 
tary, i.e., for all formulas f{x\, . . . , x n ) in £ rv , and £i, . . . , G RVe, 





(4) the induced isomorphism ip v : T e — > T e> is elementary, i.e, for all formulas 
ip{xi, . . . ,x n ) in the language of MODAG, and 71,... ,7 n € Te, 



r h fin, ■ ■ ■ ,7n) r' |= ^(^(71), . . . ,tp v {jn))- 
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(Note that it is enough to maintain (1) and (2) above, since (3) and (4) are conse- 
quences of (2) because of Proposition 9.3). 

Our main goal is to be able to extend such admissible isomorphisms. For this 
we need certain degree of saturation on JC and JC' . Fix an infinite cardinal n and 
lets assume that JC and JC' arc K + -saturated. Recall that, since the language is 
countable, such models exist assuming GCH. We then say a substructure £ = 
(E, Te, kE, RVe;v, 7r,rv, p) of JC (respectively of JC') is small if |Fe|,|/ce| < n. 
While extending the isomorphism, we do it in steps and at each step we typically 
extend the isomorphism from some E to E(a), which is obviously small if E is; 
and then reiterate the process k many times, which again preserves smallness. 
Eventually we reiterate this process countably many times and take union of an 
increasing sequence of countably many small fields, which also preserves smallness. 
Having said all that, we now state the Embedding Theorem. 

Theorem 9.5 (Embedding Theorem). Suppose JC,JC',£,£' are as above withJC,JC' 
k + -saturated and £,£' small. Assume tp : E — > E' is an admissible isomorphism 
and let a e K. Then there exist b e K' and an admissible isomorphism tp' : E(a) = 
E'(b) extending tp with tp(a) = b. 

Proof. Note that the theorem is obvious if T = {0}. So let's assume that T ^ {0}. 
Also wlog, we may assume a € Ok- We will extend the isomorphism in steps. Note 
that we have three cases to consider: 

Case(l). There exists c G E(a) such that 7r(c) <G k \ ks', 
Case(2). There exists c e E(a) such that v(c) e Y \ T E : 
Case(3). For all c e E(a),w(c) G k E and v(c) e T E - 

Step I: Extending the residue field 

Let c € E(a) be such that a := n(c) ^ k E - Since fc x RV, a e RV. By 
saturation of JC' , we can find a' € RV and an £ rv -isomorphism RV E (a) = RV E i(a') 
extending ip IV and sending r i-> r' that is elementary as a partial map between RV 
and RV. Note that then a' € k'. Now we have two cases to consider. 

Subcase I. a (respectively, a') is a-transcendental over kE (respectively, kE'). 
In that case, pick d £ O and d' € O' such that ir(d) = a and n(d') — a'. Then 
by Lemma 8.1, there is an admissible isomorphism £(d) = £'{d!) extending tj) with 
small domain (E(d) ,T E,fcs(a)) and sending d to d! . 

Subcase II. a is tr-algebraic over kE- Let P(x) be a cr-polynomial over 0$ such 
that P(a;) is a minimal tr-polynomial of a. Pick d € such that 7r(rf) = a. 
If P(d) 7^ already, then (P, d) is in cr-hcnscl configuration with j(P, d) > 0. 
Since JC is cr-henselian, there is e € such that P(e) = and n(e) = n(d) = a. 
Likewise, there is e' e C such that P^(e') = and Tr(e') = a', where is the 
difference polynomial over E' corresponding to P under tp. Then by Lemma 8.2, 
there is an admissible isomorphism £(e) = £'{&') extending tp with small domain 
(E(e),T E ,kE(c()) and sending e to e'. 

Note that in either case, we have been able to extend the admissible isomorphism 
to a small domain that includes a. Since E is small, so is E(a), i.e., \k E ^\ < n. 
Thus, by repeating Step I n many times, we are able to extend the admissible 
isomorphism to a small domain £\ such that for all c G E(a) with 7r(c) k E , we 
have 7r(c) € fc^i- Continuing this countably many times, we are able to build an 
increasing sequence of small domains £ = £q C £\ C • • • C £, C • • • such that for 
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each c £ Ei(a) with 7r(c) fc^, we have 7r(c) € kE i+1 - Taking the union of these 
countably many small domains, we get a small domain, which we still call £, such 
that tp extends to an admissible isomorphism with domain E and for all c £ E(a), 
we have 7r(c) £ Ue, i.e., we are not in Case(l) anymore. 

Step II: Extending the value group 

Let c £ E(a) be such that 7 := v(c) Te- Let b £ K be generic over £ 
with v(b) = 7. Let r := rv(fe). By saturation of JC' , find r' G RV and an £ rv - 
isomorphism RVE(r) = RV'{r') extending ^> rv , sending r i-> r', that is elementary 
as a partial map between i?y and iiV. Let 6' G if' be such that rv'(6') = r'. 

We claim that b' is generic over £' : for any P(x) — bL<r(x) L with fej, <E £", let 
P^ (x) = ^2aL&(x) L be the corresponding er-polynomial over E with cll £ E and 
^{il) — i>L- Since 6 is generic over £ , we have w(P^ (6)) = min{w(oi / ) + \L\ p ■ 7}, 
and hence by Lemma 9.3, we have 

rv(P*~\b)) =^2rv(a L a(b) L ) = ^ rv(a i )o-(rv(6)) i = ]T rv{a L )*(r) L . 

Then 

rv'(P(6')) =^rv(rv(P^ 1 (6))) ^^rvK^M 1 ) = £ rv'(6 l >(/) 1 ' = ^ rv'(6 £< T(b') 1 '), 

and hence by Lemma 9.3 again, we have v(P(b'j) = min{u(6i) + • i.e., 
6' is generic over £'. Then by Lemma 8.8, since JC satisfies Axiom 2, there is an 

admissible isomorphism from £(b) — £'(b') extending ip and sending b i-> 6'. 

Thus we have been able to extend the admissible isomorphism to a small domain 
that includes 7. Since E is small, so is E(a), i.e., |L B ( a )| < n. Thus, by repeat- 
ing Step II k many times, we are able to extend the admissible isomorphism to a 
small domain £\ such that for all c £ E(a) with v(c) L#, we have v(c) £ Te-l- 
Continuing this countably many times, we are able to build an increasing sequence 
of small domains £ = £q C £\ C • • • C C • • • such that for each c £ Ei (a) with 
v(c) £ r^, we have v(c) £ Te (+1 - Taking the union of these countably many small 
domains, we get a small domain, which we still call £, such that tp extends to an 
admissible isomorphism with domain E and for all c £ E(a), we have v(c) £ Te, 
i.e., we are not in Case(2) anymore. 

Step III: Immediate Extension 

After doing Steps I and II, we are reduced to the case when E(a) is an immediate 
extension of £ where both fields are equipped with the valuation induced by JC. Let 
£(a) be the valued difference subfield of JC that has E(a) as the underlying field. In 
this situation, we would like to extend the admissible isomorphism, not just to £(a), 
but to a maximal immediate extension of £(a) and use Corollary 6.10. However, for 
that we need £ to satisfy Axiom 2 and Axiom 3. Since Axiom 3 implies Axiom 2 
by Lemma 5.10, it is enough to extend £ such that it satisfies Axiom 3. Recall that 
JC satisfies Axiom 3. Now to make £ satisfy Axiom 3, for each linear (7-polynomial 
P(x) over Ice, if there is already no solution to P(x) in Jze, find a solution a £ k 
and follow Step I. Since there are at most k many such polynomials, we end up 
in a small domain. Thus, after doing all these, we can assume £ satisfies Axiom 2 
and Axiom 3. Let £* be a maximal immediate valued difference field extension of 
£(a). Then £* is a maximal immediate extension of £ as well. Similarly let £'* be a 
maximal immediate extension of £'. Since such extensions are unique by Corollary 
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6.8, and by Corollary 6.10 they can be embedded in JC (respectively JC') over £ 
(respectively £') by saturatedness of JC (respectively JC'), we have that ip extends 
to a valued field isomorphism £* = £'* . Since ks» — ks and Te» =Te, it follows 
by Snake Lemma on the following diagram that RVe* = RVe'- 



RV e 



T e 



■0 • 



1 



RV E * 



T E * 







Thus, the isomorphism is actually admissible. It remains to note that a is in the 
underlying difference field of £* . □ 



10. Completeness and Quantifier Elimination Relative to RV 

We now state some model-theoretic consequences of Theorem 9.5. We use '=' 
to denote the relation of elementary equivalence, and =^ to denote the relation of 
elementary submodel. Recall that we are working in the 4-sorted language £4 with 
sorts K for the valued field, T for the value group, k for the residue field and RV 
for the RV. The language also has a function symbol a going from the field sort to 
itself. Let JC = (K, T, k, RV; v, n, rv, p) and JC' = (K' ,V ,k' , RV';v' ,tt' , rv» be 
two cr-henselian multiplicative valued difference fields (in the 4-sorted language) of 
equi-characteristic zero satisfying Axiom 1 (with the same p). 

Theorem 10.1. JC = Ci JC' if and only if RV = £rv RV . 

Proof. The "only if" direction is obvious. For the converse, note that (Q, {0}, Q, Q; 
v, n, rv, p), with v(q) = 0, ir(q) = q and rv(q) = q for all q G Q, is a substructure of 
both JC and JC', and thus the identity map between these two substructures is an 
admissible isomorphism. Now apply Theorem 9.5. □ 

Theorem 10.2. Let £ = (E^Te^e, RVe',v,tt,iv, p) be a a-henselian multiplica- 
tive valued difference subfield of JC, satisfying Axiom 1, such that RVe =4c rv RV ■ 
Then £ =4c 4 fc- 

Proof. Take an elementary extension JC' of £. Then JC' satisfies Axiom 1, and is 
also cr-henselian. Moreover (E, Te, kE, RVe; • • • ) is a substructure of both JC and 
JC' , and hence the identity map is an admissible isomorphism. Hence, by Theorem 
9.5, we have JC =s JC' . Since £ =^£ 4 JC' , this gives £ =^£ 4 JC. □ 

Corollary 10.3. JC is decidable if and only if RV is decidable. 

The proofs of these results use only weak forms of the Embedding Theorem, 
but now we turn to a result that uses its full strength: a relative elimination of 
quantifiers for the theory of cr-henselian multiplicative valued difference fields of 
equi-characteristic that satisfy Axiom 1. 

Theorem 10.4. Let T be the C^-theory of cr-henselian multiplicative valued dif- 
ference fields of equi-characteristic zero satisfying Axiom 1, and <fi(x) be an £4- 
formula. Then there is an d-formula ip(x) in which all occurrences of field vari- 
ables are free, such that 

T h (f>(x) if(x). 
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Proof. Let ip range over /^-formulas in which all occurrences of field variables are 
free. For a model JC = (K, T, k, RV; v, 7r, rv, p) of T and a e K l , 7 e T m , a e k n 
and r e RV S , let 

rqftp K (a, 7, a, r) := {tp : JC \= <p(a, 7, a, r)}. 

Let JC, JC' be models of T and suppose 

(a, 7, a, r) e K l x L m x fc" x RV, (a', 7', a', r') e X'' x L' m x k' n x flf" 

are such that rqftp K {a, 7, a, r) = rqftp K (a', 7', a', r'). It suffices to show that 

tp K (a,'y,a,r)=tp lc '(a','y',a',r'). 

Let 5 (respectively £') be the multiplicative valued difference subfield of JC (respec- 
tively JC') generated by a, 7, a and r (respectively a', 7', a' and r'). Then there is 
an admissible isomorphism £ — > £' that maps a — > a', 7 — > 7', a — >• a' and r — >• r' . 
Now apply Theorem 9.5. □ 



11. Completeness and Quantifier Elimination Relative to {k,T) 

Although the leading term language is already interpretable in the language of 
pure valued fields and is therefore closer to the basic language, the definable sets 
in this language are really obscure. We therefore would like to move to the 3- 
sorted language with the valued field K, value group T and residue field k, where 
definable sets are much more transparent. It is well-known that in the presence of 
a "cross-section", the two-sorted structure (K,RV) is interpretable in the three- 
sorted structure (K,T,k). As a result any admissible isomorphism, as defined in 
the section on Embedding Theorem, boils down to one that satisfies properties (1), 

(3) and (4) only, because in the presence of a cross-section, (2) follows from (3) and 

(4) . What that effectively means is that now we have completeness and quantifier 
elimination relative to the value group and the residue field. Before we can make 
all these explicit, we need to know when multiplicative valued difference fields can 
be equipped with a cross-section. So let JC = (K, T, k; v, it, p) be a multiplicative 
valued difference field. 

Definition 11.1. A cross-section s:r^i4T x on/Cisa cross-section on JC as 
valued field such that for all 7 e T and r = X)j=o *j (T "' "= ^[ <J ]i 

S (r( 7 )) = ^(7))', 

where I = (i , ■ ■ ■ , i n ). As an example, for Hahn difference fields k((t r j) we have a 
cross-section given by s(-f) = P . 

Recall that we construe K x as a left Z[<r]-module (w.r.t. multiplication) under 
the action 

n 
3=0 

where I = (iq, . . . ,i n ) (we will freely switch between these two notations and the 
corresponding I or the ij's will be clear from the context); similarly we construe T 
also as a left Z[cr]-module (w.r.t. addition) under the action 

n n 
3=0 j=0 
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Also, since v(a(a) 1 ) — Y^j=o hP* ' w ( a )> we have an exact sequence of Z[<r] -modules 

1 ^O x — L -^K X -^T *-0 , 

where O x is multiplicative group of units of the valuation ring O. Clearly then, 
existence of a cross-section on K. corresponds to this exact sequence being a split 
sequence. Before we proceed further, we need a few preliminaries from algebra. 



Preliminaries. Let R be a commutative ring with identity (for our case R = Z[cr]). 

Definition 11.2. For two left i?-modulcs N C M, N is said to be pure in M 
^ yr ) if for any m — by — n matrix (rtj ) with entries in i?, and 



(notation: /yc£. 

any set j/i,... ,y m of elements of N, if there exist elements x\, 
that 



,x n £ M such 



i=i 



2/i 



for i 



;^ , . . . , x' n € N such that 
for i = 1 



, m. 



then there also exist elements 

Definition 11.3. If M, N are left i?-modules and / : N — > M is an injective 
homomorphism of left i?-modules, then / is called pure injective if f(N) is pure in 

M (notation: f -. ). 

Definition 11.4. A left R- module E is called pure-injective if for any pure injective 
module homomorphism / : X — > Y, and an arbitrary module homomorphism 
g : X — ¥ E, there exist a module homomorphism h : Y — > E such that hf — g, i.e. 
the following diagram commutes: 

/ 



E 



Y 



□ 



Theorem 11.5. Every \R\ + -saturated left R-module E is pure-injective. 
Proof. See [14] . page 171. 

That's all the preliminaries we need. Since Z[c] is countable, any Hi-saturated 
Z[cr]-module is pure injective by Theorem 10.5. So let's assume JC is Hi-saturated. 
Then O x is also Hi-saturated (as it is definable in K.) and hence pure-injective. 
Now since we have the exact sequence 



1 



T- 



, 



if we can show that O x is pure in K x , then we will be able to complete the following 
diagram 



CP 



id 



O' 
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which will give us a splitting of the above exact sequence. 

Unfortunately O x is not pure in K x in general. As it turns out, if p is transcen- 
dental, then O x is pure in K x without any further assumption on JC. However, if 
p is algebraic, we need a further axiom to have the cross-section exist. 

Case I : p is transcendental 

In this case, T is torsion free as a Z[cr]-module, as Y^j=o hP* 7^ f° r an y tuple 
I = (i , ...,i n )e Z™ +1 , 1^0. Thus, for any w € O x and J G Z™ +1 with J ^ 0, 
if <t(to) / = w for some m € K x , then we have 

n 

ij/^ • u(m) = v(a-(m) 1 ) — v(w) = 0, 

j=o 

which implies u(m) = 0, i.e., m e O x . 

Now suppose we have a system of equations Y^j=i(Qij) x j = Vi-> * = 1, • • • , "i, 
with Qjj's from Z[ct] and yi's from O x , which has a solution x = (x\, . . . ,x n ) T in 
K x . Let M = (Qij) be the corresponding m—by—n matrix and 7 = . . . , v{x n )) T . 

Then Mj — is the corresponding Z[a] -linear system over T. li m > n, then by 
elementary linear algebra we know that at least (m — n) equations are linearly de- 
pendent on the remaining n equations, and doesn't give us any new information. 
So by row reduction, we may assume that m < n. Now if to < n, then again by 
elementary linear algebra, we know that there are at most to pivot columns and 
hence at least (n — to) free columns (variables), which means we may assign any 
value to those variables and still have a solution for the whole system. Assigning 
the value to those free variables, we may assume m = n, i.e., it is a square system. 
If the determinant of M is zero, then again one of the rows is linearly dependent 
on the other rows, and by row reduction we can reduce to one of the earlier cases. 
Thus, we may assume M has non-zero determinant. But such a system has the 
unique solution 7 = 0, which implies the Xi's are already in O x . 

Hence, O x is pure in K x . And so we have a cross-section s : T — > K x . 

Case II : p is algebraic 

Let P{x) = io + i\x + • • • + i n x n be the minimal (monk) polynomial of p over 
Z. Let / = (io, ...,i n ) and define 

n 

3=0 

Note that for any a e K x , v((P a )a) = w((Ej=o *j crJ ) a ) = "(""(a) 7 ) = p (p) ' v ( a ) = 
0. Clearly in this case, T is not torsion-free. In fact, for any 7 G T, Tor(j) = (P a ) 7 
which is a prime ideal in Z[cr]. To make things work here, we need the following 
axiom: 

Axiom 4. V 7 e T 3a e K x (v(a) = 7 A (P a )a = 1). 
To check that this works, let us define 

G K = {aeK x : (P cr )a = 1} and 
Go = {aeG K : v(a) = 0} 



MULTIPLICATIVE VALUED DIFFERENCE FIELDS 



35 



It is routine to check that Gk is a subgroup of K x , and Go is a subgroup of 
O x . Since both of them are definable in IC, they are Ni-saturated too, and hence 
pure-injective. Moreover by Axiom 4, v\q k : Gk — > T is surjective, and so 

1 > Go — ^ G K -2->. r 

is an exact sequence. We claim that Go is pure in Gk ■ 

Note that, for any S € Z[<r], we can write 5 = QP a + R, for some S,R £ 7L\o\ 
with i? = or deg(i?) < deg(P <T ). Then, for any a € Gk, we have 

(S> = (QP a + R)a = {Q){P°)a ■ (R)a = (Q)l ■ (i?)a = (P)a, 

i.e., Gk as a Z[cr]-module is isomorphic to Gk as a Z[CT]/(P cr )-module. Similarly 
for Go- Moreover it follows that if R ^ 0, i.e., if P a docs not divide S, then 

(S)v(a) = => (iZ)u(a) = =>■ u(a) = 0, 

the last equality follows from the fact that deg(P) < deg(P cr ) and P is the minimal 
polynomial for p. Thus, T is torsion-free as a Z[cr]/(P <T )-module. Therefore, the 
sequence 

1 Go G K r 

is exact as a map of Z[cr]/(P cr )-modules. As T is now torsion-free as a Z[cr]/(P cr )- 
module, we can follow the same argument as in the transcendental case and have 
that Go is pure in Gk (recall that Z[<7]/(P CT ) is an integral domain as (P a ) is a 
prime ideal). In particular, there is a section s : T — ¥ Gk as a map of Z[er]/(P°')- 
modules, which is easily seen to be a map of Z[<r]-modules also, since Gk as a 
Z[cr]-module is isomorphic to Gk as a Z[cr]/(P CT )-module. Since Gk is a subgroup 
of K x , we have our required section s : T — > K x . 

The upshot of all these is the following 

Theorem 11.6. Each multiplicative valued difference field IC = [K, T, k; v, 7T, p) 

satisfying Axiom 4 has an elementary extension which can be equipped with a cross- 
section. 

Remark 11.7. (1) Note that if p is an honest integer, say n, then P(x) = x — n 
and hence P a (x) — x~ n o~(x). Thus for p = n, Axiom 4 says : 

V7 e T 3a e K x (v(a) = 7 and a(x) = x n ). 

For p — 1, this is precisely the axiom of "enough constants" of [T|. Fol- 
lowing this analogy, we will say that K, has enough constants if either p 
is transcendental, or p is algebraic with minimal polynomial P{x) and K, 
satisfies Axiom 4. 

(2) If p — 1 and IC is cr-henselian, then JC satisfies Axiom 4 automatically : Let 
7 e T. WMA 7 > 0. Let c e K be such that v(c) = 7. Consider 

Q{e) = a{e) - 

Note that v( ) = 0. Hence, Q is a linear cr-polynomial over O. Thus, 
Vcr(c)/ 

0(e) is a linear cr-polynomial over k. Since k is linear difference closed (by 
Lemma 5.10), we can find e £ k such that Q(e) = 0. Choose e E O such 
that 7r(e) = e. In particular, v(e) = and (Q, e) is in cr-hensel configuration 
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with 7(Q, e) > 0, and hence has a root, say b, with v (b — e) = 7(Q, e) > 0. 
This forces v(b) — and 



er(c&) = <t(c)(t(6) = cb. 



(3) 



Note that w(cfe) = v(c) + v(b) = 7. Set a :— cb. 

If p = I € <Q>, then one might follow the pattern of (2) and, instead of 
imposing Axiom 4 on /C, demand that the residue field k is not only linear 
difference closed, but also satisfies equations of the form 



Q(x) = a(x)-ax p/q , 



where a € k. Then Axiom 4 is automatically enforced on a tr-henselian 
1C. However, it should be noted that taking this approach is stronger than 
imposing Axiom 4, because Axiom 4 doesn't necessarily imply solutions to 
such equations in the residue field. 
(4) Axiom 4 is consistent with the other axioms. In particular, the formal 
power series fields described in Section 7 are a model of Axiom 4 too. For 
each 7, one special element from k((t T )) satisfying Axiom 4 is i 7 . Also note 
that the map s : T — > k((t r )) x sending 7 H> t 7 is a cross-section on k((t r )). 

Once we have the cross-section in place, we have the following result: 

Proposition 11.8. Suppose K, has a cross-section s : T — > K x . Then RV is 
interpretable in the two-sorted structure (T, k) with the first sort in the language of 
MOD AG and the second in the language of difference fields. 



Proof. Let S = {T x k x ) U {(0,0)}. Note that S is a definable subset of T x k 
(in particular, the second co-ordinate is zero only when the first is too). Define 
/ : S -> RVU {00} by 



Now it follows from [TU], Proposition 3.1.6, that / is a bijection, and that the inverse 
images of multiplication and on RV are definable in S. Moreover, if a 7^ 0, then 
v(s('j)a) = v(s(~f)) + v(a) =7 + = 7, and if a = 0, then v(oo) — 00. Thus 
the inverse image of the valuation map is {((7, a), 7)} U {((0, 0), 00)}. Finally, since 
<x(s(7)a) = s(a(j))a(a), the inverse image of the difference operator on RV is given 
by {((7, a), ((7(7), a(a)))}. Hence the result follows. □ 

As an immediate corollary of Proposition 11.8 and Theorem 11.6, we have 

Corollary 11.9. IffC = (K, F, k, RV; v, it, rv, p) andJC 1 = (K',T',k',RV';v',n',Tv',p) 
are two multiplicative valued fields satisfying Axiom 1 ( with the same p ) and Axiom 
4, and r = r' in the language of MOD AG and k = k' in the language of difference 
fields, then RV =c„ RV . 

This allows us to work in the 3-sorted language £3, where we have a sort K 
for the valued field, a sort T for the value group and a sort k for the residue 
field, eliminating the need for the RV sort. Recall that the language also has a 
function symbol a going from the field sort to itself. Combining Corollary 11.9 
with Theorems 10.1, 10.2 and 10.4 and Corollary 10.3, we then have the following 
nice results. Let K = (K, T, k; v, ir, p) and K! = (K' ,V ,k';v' ,ir' , p) be two a- 
henselian multiplicative valued difference fields, satisfying Axiom 1 (with the same 
p) and Axiom 4, of equi-characteristic zero. Then 
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Theorem 11.10. JC =c 3 KJ if and only ifT = T' in the language of MOD AG and 
k = k' in the language of difference fields. 

Theorem 11.11. Let £ = (E, Te, fc^; v, n, p) be a a-henselian multiplicative valued 
difference subfield of JC, satisfying Axiom 1 and Axiom 4, such that Te =4 T in 
the language of MOD AG and kE =4 k in the language of difference fields. Then 

Theorem 11.12. JC is decidable if and only ifT and k are decidable. 
And finally, 

Theorem 11.13. Let T be the C^-theory of a-henselian multiplicative valued dif- 
ference fields of equi- characteristic zero satisfying Axiom 1 and Axiom 4, and <j)(x) 
be an L^-formula. Then there is an Lz-formula <f(x) in which all occurrences of 
field variables are free, such that 

T h 4>{x) <^=> ^{x). 
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